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UNIT I

Functions of a Complex variable —Limits —Theorem on limits —Continuity
Derivatives —Differentiation formulas —Cauchy Riemann equation —conditions
for differentiability —Polar coordinates—Analytic functions—Harmonic functions

Chapter 1: Sections -1.1t0 1.8

1. Analytic Functions

Introduction

In this chapter we study in detail the concepts of limit and continuity for functions
a complex variable. We also introduce the notion of differentiability for functions
a complex variable and see how the derivative of a complex function of one
complex, variable sometimes behaves like the derivative of a real function of one
real variable and other times is comparable to the partial derivatives of a real
function of two variables.

1.1. Functions of a Complex Variable:

We use the letters z and w to denote complex variables. Thus, to denote a
complex value function of a complex variable we use the notation w = f(2).
Throughout this chapte we shall consider functions whose domain of definition
Is a region of the complex plane

The function w=1iz+3 is defined in the entire complex plane.

1+I Is defined at all points of the complex plane except a

The function w = —
Z = *i.

The function w = |z| is defined in the entire complex plane and this is a real
value function of the complex variable z.

If ay, a4, -+, a, are complex constants the function P(z) = ay + a1z + -+ +

a,z" is defined in the entire complex plane and is called a polynomial in z.
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If P(z) and Q(z) are polynomials the quotient % is called a rational function

anc it is defined for all z with Q(z) # 0.
The function f(2z) = x* + y* + i(x? + y?) is defined over the entire complex
plane. In general, if u(x,y) and v(x, y) are real valued functions of two variables
both definec on a region S of the complex plane then
f(2) =u(x,y) +iv(x,y) isacomplex valued function defined on S.
Conversely each complex function w = f(z) can be put in the form

w = f(z) = u(x,y) +iv(x,y)
where u and v are real valued functions of the real variables x and y.
u(x,y) is called the real part and v(x, y) is called the imaginary part of the
function f(2).
For example, f(2) = z? = (x + iy)? = (x* — y?) + i(2xy)
so that u(x,y) = x2 — y? and v(x,y) = 2xy.
Thus, a complex function m = f(z) can be viewed as a function of the complex
variable z or as a function of two real variables x and y.
To have a geometric representation of the function w = f(z) it is convenient to
draw separate complex planes for the variables z and w so that corresponding to
each point z = x + iy of the z — p plane there is a point

w = u + iv in the w-plane.

T — (4]

\"";-;_.4 b ot l‘
st | e conn e g mesverenssgnrespecrra e X - —— »

2« plang w - plane
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Exercises.
1. Express each of the following functions in the form u(x,y) + iv(x, y)
(i) u=2z3

(i)w=2z2+1
1

(i) w =~

. z
(IV) w = 1oz

V) w=z +§

(Viyw = zz
Answers
(i) (x* —3xy?) +i(3x%y — y°)
(i) (2x% —2y%2+1) —i(4xy)

X Ly
(I“) x2+y2 x2+y2

(iv) x%+x+y? iy
(x+1)2+y?2  (x+1)%+y?

x(x%+y?%+1 L y(x2+y2-1
(v) (x*+y )_Hy( y°-1)
x2+y2 x2+y2

(vi) x2 + y?

1.2 Limits

Let w = f(2) be a function defined in some region containing a point z, except
perhaps at the point z,. It may happen that as z approaches z, the value f(z) of
the function is arbitrarily close to a complex number [. Then we say that the limit
of the function f(z) as z approaches z, is [. This idea is expressed in a precise
form in the following definition.

Definition:

A function w = f(z) is said to have the limit [ as z tends to z, if given e > 0

there exists § > 0 suchthat 0 < |z — zy| < & = |f(2) — [] < € In this case we
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write lim f(z) = L.

zZ-Z

%)

z - plane | w - plane

Geometrically the definition states that given any open disc with center [ and
radius, there exists an open dise with centre z, and radius § such that for every
point z(+z,) in the disc |z — zy| < & the image w = f(2) lies in the disc |w —
l| <e.

Remark 1.

The above definition does not give any method of determining the limit / and it
only provides a means of testing whether [ is the limit of f(2) as z - z,.
Remark 2.

The condition 0 < |z — zy| < § excludes the point z = z, from consideration
Hence the definition of limit employs only values of z in some disc

|z — zy| < & other than z,.

Therefore, the value of f(z) at z, is immaterial and in fact to consider the limit
of f(z) as z - z,, f(z) need not even be defined at z,. Even if f(z,) is defined

it is not necessary that lim f(z) = f(z,).
zZ-7Z,

Lemma 1:
When the limit of a function f(z) exists as z tends to z, then the limit has a unique
value.

Proof:
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Suppose that lim f(z) has two values‘,”l‘1 ;nd L,.
Z—-2Zg

Then given € > 0 there exists §; and §, > 0 such that

0<|z—2z9l <6, =|f(2) — ;| < &/2 and
0<|z—29l <8, = |f(2) — 1] < ¢g/2.

Thenif 0 < |z — z,| < § we have

i —Ll=1L—f@)+f(2) - LI
<|f(2) — L] +|f(2) — I,| (using triangle inequality)
<gf2+eg/2=c

Since € > O is arbitrary [, — [, |[= 0 so that [, = [,.

Example 1:

2 .f .
R A

As z approaches i, f (z) approaches i? = —1.

Hence, we expect that limf(z) = —1.
VAR

To prove that we must show that given € > 0 there exists § >n such that 0 <
z—i|<6=|z2+1| <e.
Now, |z2 + 1| = |(z + i)(z — D)|

=lz+illz—-i]........(D)
Note that if we can find a § > 0 satsifying the requirements of the definition
then we can choose another § < 1 satisfying the requirements of the definition.

Now0< |z—i|<1=|z+1|=|z—1i+ 2i
< |z - 1|+ |2i]
<1+2=3

|z +i] < 3.

Using this in (1) we obtain 0 < |z — i| < 1.
= |z2+ 1| <3|z —i]

Hence if we choose § = min {12} we get
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0<|z—i|l<b6=|z2+1]|<e.
~limf(z) = —1.

Z—1
Example 2:

z%2-4

lim = 4,
72 Z—2

2_
Let f(z) = %. Hence f(z) is not defined at z = 2 and when z # 2 we have

floy=222 =42

~|f(2)—4|=|z+2—4| =|z— 2| whenz # 2.

Now given € > 0, we choose § = «.

Then0 < |z—2| <6 = |f(z) — 4| <e.

+limf(2) = 4.

Remark.

For a function of one real variable there are only two directions along which a
point x can travel and tend to a point x,. Hence, we distinguish between left limit
and right limit at a point x, and the limit at x, exists if and only if the left and
right limit at x,, exist and are equal.

For functions of a complex variable infinitely many modes of approaches are
possible for a point z to tend to a point z,. If a function f(z) approaches to two

different values as z tends to z, along two different paths, then lim f(z) does not

Z-2Z
exist.

Example 3:

The function f(z) = gdoes not have a limitas z — 0.

X —1y
x+ iy

Z
f(Z)=;=

Suppose z — 0 along the path y = mx.

Along this path f(z) = Xoimx _ 17 as x # 0.

x+imx 1+im
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Hence if z — 0 along the path y = mx, f(z) tends to % which is different fy,,

different values of m.
Hence f(z) does not have a limitas z — 0.

Example 4:

2
Let f(2) = 2)3,2 # 0. Then f(z) does not have a limitas z — 0.

mx®  0m
(x+mx)3 (1+m)3'

Along the parabola y? = mx we have f(z) =

WhICh

Hence if z — 0 along the parabola y? = mx, f(z) tends to s

depends on m.

Hence f(z) does not have a limitas z — 0.

Exercises.

1. Use the definition of limit to prove the following

(@) lirr(l) ¢ = c¢ where c is any constant.
VAl

(b) lim (az+ b) = azy+ b

YAV

() lim z2 = z3
z-2z,

(d) lim Z = 7,
zZ-Z

(e) lim Rez = Rez,.

Z-2Zg,
2. Prove that each of the following functions f(z) does not have a limit as
z— 0.

@ f() = L2

x+iy

(b) F(z2) = ==
_ Xy
©f@ =z

we now formulate the definition of lim f(z) = [ where z, or [ is infinite.

zZ—2Z,

z=x+1iy #0.

3;,z;tO

z # 0.
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Definition:

We say lim f(z) = L if given € > 0 there exists a number m > 0 such that
Z—>00

lz| >m=|f(z) -] <e.
We say that lim f(z) = oo if for given n > 0 there exists § > 0 such that 0 <

zZ-2Z
1z —zol < & = |f(2)] > n.

We say that lim f(z) = oo if for given n > 0 there exists m > 0 such that |z| >
Z— 00

m= |f(z)| > n.

1.3 Theorems on Limit:

We state without proof the following theorem on the limits of sum, product and
quotient of two functions. The proof is analogous to that of real functions.
Theorem 1:

Let f and g be two functions whose limits at z, exist.

Let lim f(z) = land lim g(z) = m.
A

zZ—-2Z

Then (i) le_)rgl [f(z)+g(@)]=1l+m

(if) lim f(2)g(2) = Im

(iii) Zh_)rgl0 > m provided m # 0.

Theorem 2:
() If lim f(z) = [ then lim f(2) = L.
Z—Z Z-Z
(i) If lim f(z) = [, then lim |f(2)| = [I].
Z—Z Z-Z
(iii) lim f(z) = L iff lim Ref (z) = Rel and lim Imf(Z) = Im(0).
Z—Z Z—Zg Z—2Zg
Proof:

(i) Let € > 0 be given. Then there exists § > 0 such that
0<|z—2)| <6=|f(2) -] <e.

Now |f(z) =l = |f(2) = l| = |f (2) = [

10
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oA v

< gsothat lim f(z) = L.

zZ-2Z,

(ii) 11f ()] — |1 < |f (2), 1] and hence
0 < |z -zl <8 lIf (D) - |lll < e.
« Jim |f@)] = I

(i) Let lim £(2) = L

Since Ref (z) =

N | =

[f(2) + f(2)] we have

1 —
lim Ref(z) ==|lim f(z) + lim f(2)
z—--0 2 lz-z, Z-2Z,
_L L+
=2Q+D
= Rel
Similarly, limOImf(z) = Iml.
Z——
Conversely, let lim Ref(z) = Rel and let lim Imf (z) = Iml. Since f(z) =
A zZ-Z,

Ref(z) + ilmf(z) it follows that limof(z) = Rel + ilml = [.
VAR

Remark. It follows immediately from the definition of limit that lim z = z,

z—-2,

and lim ¢ = ¢ where c is any constant.

Z—Z
Hence using (i) and (ii) of theorem 2.1 we see that for any polynomial P(z) =

ap + a,z + ayz% + -+ + a,z", lim P(2) = P(z,).
z-2z,

Exercises.
1. Evaluate the following limits using theorems 1 and 2
(i) lim (2x + iy?)?
z-21
(i) lim [x +i(2x +y)]
z-1-1
(iii) lim (z2 -5z + 10)
z-1+1

] . (z+3)(z—4)
(IV) zl—1>r—nzi z2+5z+9

11
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Answers.

(i) —16 (i) 1+ (i) 5—3i
. 2(3-20)(4+2i ~ 1

(iv) —% V-1 W)

1.4. Continuous Functions
Definition:
Let f be a complex valued function defined on a region D of the complex plane.

Let z, € D. Then f is said to be continuous at z, if lim f(z) = f(z,).
Z-Z

Thus £ is continuous at z if given € > 0 there exisis a § > 0 such that

|z =zl <6 = |f(2) — f(z0)| <e.

f is said to be continuous in D if it is continuous at each point of D.

The following are immediate consequences of the corresponding results on
limits given in sec 1.3 theorems 1 and 2.

Theorem 1:

(i) If £ and g are continuous at z, then f + g, fg and f are continuous at z, and
f/g is continuous at z, if g(z,) # 0.

(i) If £ is continuous at z, then |f| is also continuous at z,.

(i) If £ i1s continuous at z, iff Ref and Imf are continuous at z.

(iv) Any polynomial P(z) is continuous at each point of the complex plane and

any rational functin % Is continuous at all points where Q(z) # 0.

12
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1.5. Differentiability:
Definition:
Let f be a complex function defined in a region D and let z € D. Then f is said

(z+th)—f(2)
h

to be differentiable at z if }lirr(l) ! exists and is finite. This limit is denoted

by f'(z) or Z—i and is called the derivative of f(2) at z.

The function is said to be differentiable in D if it is differentiable at all points of
D.
Example 1.

The function f(z) = z? is differentiable at every point and f'(z) = 2z.

Proof:
fG+h)-f() (z+h)?-2°
h B h
=2z+h
Hence lim & ® — i (22 + k)
h—0 h h—0
=2z
s~ f'(2) = 2z.
Example 2:

The function f(z) = Z is nowhere differentiable.
Proof:

f(z+h)—f(z) _ (z+h)-Z
h " n

Z+h—7
h

S| S

}lirr(l) % does not exist (refer example 3 of 1.2).

~ f(z) = Z is nowhere differentiable.
Remark 1.
If £(2) is differentiative at a point z then it is continuous at that point.

Proof:
13
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= f'(2) x 0
=0

}ling)f(z + h) = f(z) so that f is continuous at z.

The converse of the above result is not true.

For example, f(z) = Z is continuous everywhere but it is nowhere
differentiable (refer example 2).

The definition of derivative for complex functions is identical to the definition
for real functions and the following formal rules of differentiation are true for
complex functions also and the proof is left as an exercise.

Theorem 1:

Let f(2) and g(z) be differentiable at a point z. Then

) f+9)@)=f'"(2)+9 )

(i) F9)'(2) = f(2)9'(2) + f'(2)g9(2).

Y L P @e@-f@e ()
(iii) (g) (z) = [9(2)]2

(iv) Suppose g is differentiable at z and f is differentiable at g(z).
Let F(2) = f(g(2)). Then F'(2) = f'(g(2))g’ (2). (This is the usual chain rule

for the derivative of composite functions).

provided g(z) # 0.

(v) Let n be any positive integer. The function f(z) = z" is differentiable at
every pointand f'(z) = nz" 1.

(vi) The polynomial P(z) = ag + a;z + a,z% + --- + a,z" is differentiable
at every pointand P'(z) = a; + 2a,z + -+ + na,z" 1.

(vii) If n is a negative integer f(z) = z™" is differentiable at every point

z# 0and f'(z) = nz" L.

Exercises.

1. Find the derivative of the following functions.

(i)z2+3z+1
14
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(i) = (z = - 2)

2Z+3

o (2423t
(i) — ;Z2 + 1.

2. Prove that f(z) = i;l Is differentiable at every point z # —1 and find

+1
f'(@).
3. Prove that f(z) = Rez is not differentiable at any point.
4. Prove that f(z) = Imz is not differentiable at any point.
Answers.

(i) —

(2z+3)2

...y (2+23)3(1123-122%-2)
(i) =

2
(z+1)%’

lL()2z+3 2

1.6. The Cauchy-Riemann Equations:

The existence of the derivative of a complex function of a complex variable f(z)

requires w

to approach to the same limit as h — 0 along any path. This
has some far-reaching consequences. In this section we derive some important
properties of the real and imaginary parts of the differentiable function f(z) =
u(x,y) +iv(x,y).

Theorem 1:

Let f(2) = u(x,y) + iv(x,y) be differentiable at a point z, = x5 + iy,. Then
u(x,y) and v(x, y) have first order partial derivatives

Uy (X0, Vo), Uy (X0, Y0), Vx (X0, ¥o) and vy, (x, yo) at (xo, o) and these partial
derivatives satisfy the Cauchy-Riemann equations (C.R equations) given by

Uy (X0, ¥o) = Uy(xo; Yo) and uy(on’o) = —v, (X0, ¥0)-

Also, f'(zg) = uy(xq,¥0) + ivy(x0,0)

= Uy(xo;YO) - iuy(xo;)’o)-

15
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Proof:
Since f(z) = u(x,y) + iv(x,y) is differentiable at

Zy = Xo + iyplim (@t h)=/(#) oyists and hence the limit is independent of the
h—-0 h

path in which h approahces zero.
Leth = hy + ih,.
Now f(zo+h)—f(zo)

h
_ U(xo + hl,yo + hz) + iv(xO + hl' yO + hz) - u(xo, yo) - iU(xO,yo)
B hy + ih,
u(xg) + hy,yo + hy) —ulxo, yo)| . [v(xo + hy,y0 + h2) — v(x0,¥0)
— : +1i :
h; +ih, hy +ih,
Suppose h — 0 along the real axis so that h = h;.
/ T f (20 + hy) — f(20)
Then f'(z,) —’213)10 | n,
_Julxe + hy,yo) —ulxo,y0)] ... [v(xe + hy,y0) — v(x0, Vo)
= lim +ilim
h,—0 | h1 h{—0 hl

=Uy (X0, Vo) + iV, (X0, Vo) el (1)
Now, suppose h — 0 along the imaginary axis so that h = ih,.

f(zo+ hy) — f(Zo)]

ih,
. [u(xo»)’O + hy) — u(xo;}’o)]
= lim -
h,—0 th
. [v(xO;yO + hy) — V(xo;}’o)]
+i lim -
h,—-0 th

l

U, (Xo, Uy X,
=[ y( 0 )’0)] +i[ y( ? }’0)]
i
1
=?uy(x0, yO) + vy(xOryO)
= —iuy, (o, ¥0) + vy (X0, ¥o)

From (1) and (2) we get

16
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f'(20) = uy(x0,y0) + iv,(x0,¥0) = vy, (X0, ¥o) — i1y, (X0, ¥o)

Equating real and imaginary parts we get

ux(xo, yO) = Uy(XO, yO)
uy(xo,yo) = —,(x0,¥0)

Remark 1:
Since f'(z) = u, + ivy = v, — iu, we have
f' @7 =} + v} =uj + 3
Also [f'(2D)|? =uz +uj =vi+v)
Further |f'(2)1? = u, vy, — uyvy

L Uy

=|v, vl

d(u,v)

~0(x,y)
Remark 2:

The Cauchy-Riemann equations provide a necessary condition for
differentiability at a point. Hence if the C.R equations are not satisfied for a
complex function at any point then we can conclude that the function is not
differentiable.

For example, consider the function f(z) = Z = x — iy.

Here u(x,y) = x and v(x,y) = —y.

S Uy(x,y) = 1and vy, (x,y) = —1.

Uy # v, 50 that C.R equations are not satisfied at any point z.

Hence the function f(z) = Z is nowhere differentiable.

Remark 3.

The C.R equations are not sufficient for differentiability at a point as shown in

the following examples.

Example 1:
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xy .
Let £(z) = {x2+y2 ifz+0
0 ifz=0

Xy .
Here u(x,y) = {x2+y2 if (x,y) # (0,0)
) 0 if (x,y) = (0,0)

and v(x,y) = 0.
u(h,0) —u(0,0
ux(0,0):lim[ ( )h 0.0
Now, h—-0 0—0
=¥3[iz]=0

Similarly, u, (0,0) = 0.
Also v,(0,0) = 0 and v,,(0,0) = 0.
Hence the C.R equations are satisfied at z = 0.

Now, along the path y = mx

f(2) =

xmx

x2+m2x2=1+m2 it x # 0.

Hence if z — 0 along the path y = mx, f(z) —

™ _ which is different for
1+m?2

different values of m.

Hence f(z) does not have a limit as z — 0 so that f(z) is not even continuous
atz = 0.

Thus f(2) is not differentiable at z = 0.

Example 2:
Let f(z) =y |xy]|

Here u(x,y) = /|xy| and v(x,y) = 0.
[u(h, 0) —u(0,0)

u,(0,0) = lim -

h—-0
=0
Similarly u,,(0,0) = 0.

Also v,(0,0) = 0 and v,,(0,0) = 0.

Hence the C.R equations are satisfied at z = 0.
18
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We claim that f(z) is not differentiab‘i?;(o,O).

Along the path y = mx,

f@ =) _ylxmx] _ Im]|

- = — ifx #0
Z x+imx 1+ im

tends to Jiml which depend on

Hence as z — 0 along the path y = mx,w ,
z 1+tm

the path along which z -0 so that f is not differentiable at z = 0.
Note. In this example the function f(z) is continuous and has partial derivatives
which satisfy Cauchy-Riemann equations at 0 but is not differentiable at 0.

In the following theorem we prove that C.R equations together with the
continuity of partial derivatives give a sufficient condition for differentiability
of complex functions.

Theorem 2:

Let f(z) = u(x,y) + iv(x, y) be a function defined in a region D such that u, v
and their first order partial derivatives are continuous in D. If the first order
partial derivatives of u, v satisfy the Cauchy-Riemann equations at a point

(x,y) € D then f is differentiable at z = x + iy.

Proof:

Since u(x, y) and its first order partial derivatives are continuous at (x, y) we
have by the mean value theorem for functions of two variables

u(x + hy,y + hy) —ulx,y) = hyue(x,y) + houy, (x,y) + hygg + hpey ... (1)
where &; and ¢, —» 0 as h; and h, — 0.

Similarly

v(x + hy,y+ hy) —v(x,y) = v (x,¥) + vy (x,y) + hyes + hogy .. (2)
where &3,&, = 0 as hy and h, — 0.

Let h = hy + ih,.

Then L&+W—r@ _ 1,

- - u(x + hy,y + hy) —u(x,y)

+jv(x + hy,y+ hy) —v(x,y) |
19
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1
= E [(hlhl(x, y) + hzhy(x, y) + hlgl + hzgz]
+i{h1vx(x, y) + havy(x,y) + higs + h2£4)}
using (1) and (2).

1
= [ e y) + 0G0} + hafuty (69) + vy (6, 1)}
+hi(ey +igg) + hy(e; +ig,)]

1
= E [(h1 + ihy)u,(x,y) — i(hy + ihz)uy(x, y)

+hy(g; +igg) + hy(ey + igy)]
(using C.R equations).
1

= ; [hux(x, y) —ithu,(x,y) + h,(&; +ie3) + hy(e, + i£4)]
1

h h
= Uy (x,y) — iuy (x,y) + 71(81 +ig3) + 72(82 + igy).

Now, since

hy
h

< 1,%(81 +ig;) > 0ash — 0.

Similarly%(s2 +ig,) > 0ash - 0.

}lmaw = uy(x,y) — iuy(x,y). Hence f is differentiable.

Example 1:

Let f(z) = e*(cosy + isiny).

~u(x,y) =e*cosyand v(x,y) = e*siny.

Thenu,(x,y) = e*cosy = v,(x,y)

and u, (x,y) = —e*siny = —v,(x,y)

Thus the first order partial derivatives of u and v satisfy the Cauchy-Riemann
equations at every point.

Further u(x, y) and v(x, y) and their first order partial derivatives are
continuous at every point. Hence f is differentiable at every point of the

complex plane.
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Example 2:
Let f(2) = |z|%.
s f(@) =ul,y) + wlxy) =x*+y°
~u(x,y) =x*+y?and v(x,y) = 0.
Hence u,(x,y) = 2x;u, (x,y) = 2y
ve(x,y) = 2x = vy(x,9).
Clearly the Cauchy-Riemann equations are satisfied at z = 0.
Further u and v and their first order partial derivatives are continuous and hence
f is differentiable at z=0.
Also, we notice that the C.R equations are not satisfied at any point z # 0 and
hence is not differentiable at z # 0. Thus f is differentiable only at z = 0.
Alternate forms of Cauchy - Riemann equations
In the following theorem we express the Cauchy-Riemann equations in complex
form.
Theorem 3: (Complex form of C-R equations)
Let f(z) = u(x,y) + iv(x, y) be differentiable. Then the C.R equations can be
put in the complex form as f, = —if,,.
Proof:
Let f(z) = u(x,y) + iv(x,y).
fr = U, +iv,
and f, = u,, +iv,
Hence f, = —if,
Then S u, +iv, = —i(uy + ivy)
S Uy + 1V, = vy, — iU,
S Uy = V) and vy = —U,,
Thus, the two C.R equations are equivalent to the equation f, = —if,.
In the following theorem we express the Cauchy Riemann equations and the

derivative of a complex function in terms of it polar coordinates.
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Theorem 4: (C.R equations in polar coordlnates)

Let f(2) = u(r, 0) + iv(r, 6) be differentiable at z = re'® # 0.

ou 10v 10u
Then = =-=2a d—=———.
or T

Further f'(2) = ( + 13:)
Proof:

We have x = rcos6 and y = rsin 6.

ou _auax+auay
or  Oxdr dyor

Hence ou ou
—ac050+@sm9 v (D)
dv Odvadx Jdvady
396~ 3x00 ' 9y 06
v _ dv
=3 (—=7sin@) + @ (rcos )
Also .. 1617 = —a—vsme +a—vc059
r a0 dx dy
_Ou u
6y —sinf + Ix cos 0 (using C.R equations)
Ju ,
=3 (using 1)
Thus g—l: = %Z—Z. Similarly we can prove that % = — %g—z.

u ,0v dudx . du ay) . (av Ox . 0v 6y)]
ri=ti=)=r{\=—=+—=)+il=—+—-=
(ar + ar) [(ax or + dy or + 0x Or + dy or

=7 [(a—ucose +a—;sin9) +1 (a—vcose +g—;sin 6)]

P)
—TCOSH( +l—)+rsm9( +i —y)
o s (BB (5-15)
=xf"(z) + iyf'(2)
= (x+iy)f'(2)
= zf"(2)
f @ =G+ iE)
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We now proceed to express C.R equaﬁdhé in yet another form.
Let f(z) = u(x,y) + iv(x,y).
Since x = %Z_and y = Zz;iz_we have

Z+Z_Z—Z_+_ z+z z—2Z
f(z)_u< 2 Zi) w( 2 Zi)

Thus f can be thought of as a function of z and Z. Though z and Z are not

independer variables we form the partial derlvatlves and —= as if zand z are

independent variable with this convention we have the followmg theorem.
Theorem 5:

If f(2) is a differentiable function, the C.R equations can be put in 1 form

of
0z = 0.

Proof:

of _9dfdx  Of dy
9z 0xdz 0dyodz

:%<2> a§< %)
z<a£+ aD

Thus —=0& g—i = —1 Z_fz which is the complex form of the C — R equations.

(ref theorem 3)

Thus, the C.R equations can be put in the form % = 0.

Solved Problems
Problem 1:
Verify Cauchy-Riemann equations for the function f(z) = z3.
Solution:
f(2)=7" = (x +iy)?
= (x* = 3xy*) +iBx*y — y%)

~u(x,y)=x3—3xy? and v(x,y) = 3x%y — y3
23

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



~uy = 3x% —3y?and v, = 6xy
u, = —6xy and v, = 3x? — 3y?

Here u, = vy, and u, = —v,

Hence the Cauchy-Riemann equations are statisfied.
Problem 2:

Prove that the following functions are nowhere differentiable.

() f(2) = Rez
(ii) f(z) = e*(cosy — isiny)
Solution.

(i) f(z) =Rez=x

~u(x,y) =xand v(x,y) = 0.
~u,=1landv, =0.

u, = 0and v, = 0.

Since u, # v,, the C.R equations are not satisfied at any point.
Hence f(z) is nowhere differentiable.

(ii) f(z) = e*(cosy — isiny)

= e*cosy — ie*siny.

~u(x,y) =e*cosyand v(x,y) = —e*siny.
~u, =e*cosyand v, = —e*siny.

u, = —e*siny and v, = —e*cos y.

Clearly C.R equations are not satisfied at any point and hence f(z) is nowhere

differentiable.

Problem 3:
ZRez .
— ifz#0. . . .
Prove that f(z) =1 Izl Is continuous at z = 0 but not differentiable
0 ifz=0
atz = 0.
Solution:
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First, we shall prove that lir%f(z) = O ‘
Z—>

zRez

Now |f () — 0] =

= |Rez|.

|z|
Further |Rez| < |z|.
=~ For any given € > 0 if we choose § = € we get
Izl =1z—0|<d = |f(2) — 0| <=
Hence f is continuous at z = 0.
Now, we prove that f(z) is not differentiable at z = 0.
f(z) —f(0) zRez Rez
z—0 z|z| |z|

b
= ———— where z = x + iy.

Along the path y = mx,
f@-fO©_  x 1
z—0 Vx2 +m2x?2 V14 m?
The value of the limit depends on m and hence on the path along which

z - 0.

- 1im £277© goes not exist.

z—0 z—-0
~ f(2) is not differentiable at z = 0.
Problem 4:
Prove that f(z) = zImz is differentiable only at z = 0 and find f'(0).
Solution:
f(z)=zlmz
= (x +iy)y
~u(x,y) = xy and v(x,y) = y2.
S Uy =YV = 0;u, = x and vy, = 2y.
Clearly the C.R equation are satisfied only at z = 0.

Further all the first order partial derivatives are continuous.
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Hence f(z) is differentiable at z = 0.
Also f’(O) = ux(0,0) + ivx(o,o) —0.

Problem 5:
xy?(x+iy) .
Show that f(z) = { x2+y4 ifz 0 Is not differentiable at z = 0.
0 ifz=20
- 2 i
Solution. L@@ _ xy 2(x+;y) ) ( 1' )
z—0 xX%+y x+iy
_
S x24 oyt
=~ Along the path x = my?.
fO-fO _ my*  m
z—0 m2y*+y* m?2+1

The value of the limit depends on m and hence depends on the path along which

z - 0.

~ lim &g(m does not exist.

z—-0 z—

=~ f(z) is not differentiable at z = 0.
Problem 6:

x3(1+i)-y3(1-i) .
Prove that the function f(z) = { x2+y? itz +0 satisfies C-R
0 ifz=20

equations at the origin but f'(0) does not exist.

Solution:
x3(1+i)-y3(1-i) .
f(z) = { oty ifz+0
0 ifz=0
Here S and = Xy if + (0,0) and
u’(x'y) - x2+y2 v(x’y) - x2+y2 (x’y) ( ) )

u(0,0) = v(0,0) =0.u(0,0) =v(0,0) = 0.
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u(h,0) ~u(00)
Now, (hBLZh_O) .

u,(0,0) = }li_r)r(l)
= lim o

h—0
Similarly, u,, (0,0) = —1; v,(0,0) = 1 and v,,(0,0) = 1. (verify)
Thus u,(0,0) = v,,(0,0) = 1 and
u,(0,0) = —1,(0,0) = —1, so that

C.R. equations are satisfied at z = 0.

f(2) - f(0) x° —y° X 4ys
Now, = — +1 ;
z—0 (2 +y)(x+iy) 2 +y)x+iy)
Along the path y = mx we have
f(z)—f(0) x% —m3x3 ey x3 + m3x3
z—0  (x%+m2x2)(x + imx) ' (x2 + m?x?)(x + imx)
1—m3 1+m3

- (1+m?)(1+im) ik (1+m?)(1+im)

Hence the value of the limit depends on the path along which z — 0.

Thus lim &g(o) does not exist.

z-0  Z-
Hence f is not differentiable at 0.

Problem 7:

Prove that f(z) = sin x cosh y + icos xsinh y is differentiable at every point.
Solution:

f(z) = sinxcoshy + icos xsinh y

~ u(x,y) = sinxcoshy and v(x,y) = cos xsinh y

u, = cosxcoshy and v, = —sinxsinh y

u,, = sin xsinh y and v,, = cos xcosh y

~ Uy = vy and u, = —v, forall x, y.

Hence C.R. equations are satisfied at every point.

Further all the first order partial derivatives are continuous.
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Hence f(z) is differentiable at every pomt
Problem 8:

Find constants a and b so that the function f(z) = a(x? — y2) + ibxy + cis
differentiable at every point.

Solution:

Here u(x,vy) = a(x? — y?) + c and v(x,y) = bxy.

Uy = 2ax; v, = by,

u, = —2ay and v, = bx.

Clearly u, = v, and u,, = —v, iff 2a = b.

=~ C-R equations are satisfied at all points iff 2a = b.

=~ The function f(z) is differentiable for all values of a, b with 2a = b.
Problem 9:

Show that f(z) = Vr(cos8/2 + isin8/2) where r > 0 and 0 < 8 < 2m is
differentiable and find f'(z).

Solution:

f(2) =+r(cosB/2 + isinh/2).

u = +/rcos(8/2) and v = \/rsin(6/2).

ou 1 9/ dav_l,ez
..ar—zﬁcos( /2) an GT_Z\/FSIH( /2)
ou —r _ ov r
rim Tsm(@/Z) and 30 7C05(9/2)
10v 1/(Vr
i ;(7 cos(9/2)>
1
Now, = ——cos(6/2
N (6/2)
_au
~or
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au_lav

ThUS; = r%l
.. ov 10u
Slmllarlya—r = —;g
L (6/2)
= ——=SIn
2\T

Hence the C-R equations (in polar form) are satisfied.

Further all the first order partial derivatives are continuous.

Hence f'(z) exists.

Ju Jdv & 4
(ar +1i 6r> (refer theorem 4)

1 i
(2—\/? cos(8/2) + ﬁsm(Q/Z))

T
2\rz
= % [Vr(cos6/2 + isin 0 /2)]

1 1
=z[\/5]=2—\/E

Also f'(z) =

NS

N =

(cos8/2 + isin6/2)

Hence f'(z) = %
z

Exercises.

1.Verify C.R. equations for the following functions
() f(z)=az+Db

(ii) f(2) = e”

(i) f(2)=1/2),z#0

(V) f(z)=iz+2

(V) f(z) = e *(cosy —isiny)

(vi) f(z) = cos xcosh y — isin xsinh

(vil) f(z) =sinz

(viii) f(z) = ze™*
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2.Prove that the following are nowhere differentiable.

() f(2) = |z|

(ii) f(z) = Imz

(i) f(z) =xy + iy
(ivyf(z)=z—-2Z

V) f(2) = 2x + ixy?
3.Prove that for the following functions the C.R. equations are satisfied at z =

0, but the function is not differentiable at z = 0.

2

xy .
() f(2) = {x2+yz ifz#0
0 ifz=0
x2y5(x+iy) )
(i) f(2) = { xt4yl0 ifz+0
0 ifz=0
x3y(y—ix) .
(i) £ (z) = {—xs+yz ifz#0
0 ifz=0
z5 .
0ifz=0

4.Prove that the following functions are differentiable at every point.

(i) f(2) = (x® = 3xy?) +i(3x*y — y°)

(i) f(z2) =iz+2

(iii) f(2) = x2 — y? — 2xy + i(x? — y? + 2xy)

(iv) f(z) = 2x — 3y +i(3x + 2y).

5.Find constants a, b and c so that the following functions are differentiable at
every point.

M) f(z2)=x+ay—i(bx +cy)

(i) f(2) =x+ay+i(bx +cy)

(iii) f(2) = ax? — by? + icxy
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(iv) f(z) = e*cosay + ie*sin(y + b)r:c
(V) f(2) = cosx(coshy + asinh y) + isin x(cosh y + bsinh y)

Answers.

5.)a=b;c=—-1 (i)a=—-b;c=1()a=c/2=b(V)a=—-1=0b.
1.7. Analytic Functions:

Definition:

A function f defined in a region D of the complex plane is said to be analytic at
apoint a € D if f is differentiable at every point of some neighbourhood of a.
Thus f is analytic at a if there exists € > 0 such that f is differentiable at every
point of the disc S(a, €) = {z/|z — a| < &}.

If f is analytic at every point of a region D then f is said to be analytic in D. A
function which is analytic at every point of the complex plane is called an entire
function or integral function.

For example, any polynomial is an entire function.

Remark 1.

If £ is analytic at a point a then f is differentiable at a. However, the converse is
not true.

For example, f(z) = |z|? is differentiable only at z = 0. (refer example 2 in
theorem 5). Hence f is differentiable at z = 0 but not analytic at z = 0.
Remark 2.

If f(2) is analytic at a then there exists € > 0 such that f(z) is differentiable at
each point of S(a, €). Now, let z € S(a, €). Then we can find § > 0 such that
S(z,6) € S(a, €). Hence f is differentiable at every point of S(z, §) so that f is
analytic at 2.

Thus f is analytic at every point of S(a, €). Hence f is analytic at a and if only if
f is analytic at each point of some neighbourhood of a. Hence the set of all points

for which a given function is analytic forms an open set.
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In particular, if a function is analytic ih éﬁgrbitrary subset A of the complex plane,
then there exists an open set containing A in which the function is analytic.
Remark 3.
We shall later prove that if f(z) is analytic at a point then f(z) has derivatives of
all orders at that point. In particular

f1(2) = ux(x,y) + ive(x, ) = vy (x,¥) — iy (x,y)
is further differentiable and hence f'(z) is continuous.
Hence u,, vy, u,, v, are all continuous. This together with Theorem 4 gives the
following result. f(z) is analytic in a region D if and only if the real and
Imaginary parts of f(z) have continuous first order partial derivatives that
satisfy the Cauchy-Riemanns equations for all points in D.
Further it follows that if f(z) is analytic in D then u and v have continuous
partial derivatives of all orders.
Theorem 1:
An analytic function in a region D with its derivative zero at every point of the
domain is a constant.
Proof:
Let f(z) = u(x,y) + iv(x,y) be analyticin D and f'(z) = 0 forall z € D.
Since f'(z) = uy + ivy = v, — iu, We have u, = u, = v, = v, = 0.
 u(x,y) and v(x, y) are constant functions and hence f(z) is constant.
Remark 4.
The above theorem is not true if the domain of f(z) is not a region. For
example, let D = {z/|z| < 1} U {z/|z| > 2}
D is not a connected subset of C so that D is not a region.

Let f: D — C be defined by

(1 if|zl <1
f(Z)‘{z if |z| > 2
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Clearly f'(z) = 0 for all points z € Dand f is not a constant function in D.

Solved problems

Problem 1:

An analytic function in a region with constant modulus is constant.

Solution:

Let f(z) = u(x,y) + iv(x,y) be analytic in a domain D.

Since |f(z)] is constant, we have u? + v? = ¢ where c is a constant.

Differentiating partially with respect to x we get 2uu, + 2vv, = 0.
(Le)uuy +vv, = 0. ... (1)

Similarly differentiating partially with respect to y we get

Uy, +vvy, =0 ...t (2)
Using C.R equations in (1) and (2) we get

Uy —VUy, =0..........(3)

Uiy + vy = 0. ... (4)

Eliminating u, from (3) and (4) we get (u* 4+ v*)u, = 0.

Since u? + v? = c we get u,, = 0.

Similarly we can prove that v, = 0 so that f'(z) = u, + iv, = 0.

Hence f is constant.

Problem 2:

Any analytic function f(z) = u + iv with arg f (z) constant is itself a constant
function.

Solution:

arg f(z) = tan"}(v/u) = c, where c is a constant.

5 = k where k is a constant.

v = ku.
Hence v, = ku, and v, = ku,,.
Eliminating k from the above equations we get u, v, = v,u,,.
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S U Uy — Uy Uy = 0,

~ u% + uj = 0 (using C.R. equations)

~ U, = 0 and u,, = 0 and hence u is constant.
Similarly we can prove that v is constant.

~ f =u+ iv is constant.
Problem 3:

If f(2) and f(z) are analytic in a region D show that f(z) is constant in that
region.
Solution:

Let f(z) = u(x,y) +iv(x,y).

~f(2) =ulxy) —iv(x,y)
=ulx,y) +i[-v(xy)]
Since f(z) is analytic in D we have u, = v, and u, = —v,.
Since f(z) is analytic in D we have ||, = —vy, and u,, = vy.
Adding we get ||, = 0 and u,, = 0.
Hence u, = 0 = v,
S f' (@) =uy+iv, =0
~ f(z) is constant in D.
Problem 4:

Prove that the functions f(z) and f(2) are simultaneously analytic.

Solution:

Suppose f(z) = u(x,y) + iv(x,y) is analytic in a region D.

Then the first order partial derivatives of u and v are continuous and satisfy the
C-R equations

au_av .
F _6y"""""'( )
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Now, ﬁ = u(x,—y) —iv(x,—y).

= u,(x,y) + ivy(x,y) where u; (x,y) = u(x, —y)
and vy (x,y) = —v(x,—y).

ou _ou_ v _ an

Hence — = — = — = ing 1
ence ox ox ady ady (US g )
ou ou v av
and—=——=—=—-—2
dy dy dx dx

=~ The first order partial derivatives of u; and v, are continuous and satisfy the

CauchyRiemann equations in D.
Hence f(Z) is analytic in D.

Similarly if £(Z) is analytic in D then f(z) is also analytic in D.

Problem 5:

92 92 92 92 92
If dxdy  0yox prove that dx2 N ay? 4 020z
Solution:
Letz=x+1iy

1 _ 1 _
..x—z(z+z)andy—z(z—z)

g 0 6x+ Jd dy
0z 0x0z 0yoz
19 10

H =
enee 20x  2iay

_1(6+,6>
2 \0x lay
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92 1[/ 9%  a% \ /1 92 a2\ /1
" 9207 2 _(6x2 T 6x6y) )+ (ayax * lay2> (27)]
1[/ 3> 92\ 9> 1 92
T4 _(axz * ayz) T 0x0dy * IWI
1[92 a2 92 ; 1
T4 | 0x? * dy? * 0xdy (l * 7)]
1/ 072 02
A a_yz) |
02 02 02
v o,
Exercises.

1.Prove that an analytic function whose real part is constant is itself a constant.
2.Prove that an analytic function whose imaginary part is constant is itself a
constant.

3.If f = u + iv is analytic in a region D and uv is constant in D then prove that
f reduces to a constant.

4.1f f = u + iv is analytic in a region D and v = u? in D then prove that f
reduces to a constant.

5.Determine the constants a and b in order that the function f(z) =

(x2 + ay? —2xy) + i(bx? — y? + 2xy) should be analytic. Find f'(z).
6.Test whether the following functions are analytic

(i)z3+z

(if) e*(cosy + isiny)

(iii) e*(cosy — isin y)

(iv) e ™*(cosy — isiny)

Answers.

5.a=-1; b=1;f'(2) = (1 +i)z? 6.(i) yes (ii) yes (iii) no (iv) yes.
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1.8. Harmonic Functions
Definition:
Let u(x, y) be a function of two real variables x and y defined in a region

2 2
D.u(x,y) is said to be a harmonic function if ZTZ + Z—yf = 0 and this equation is

called Laplace's equation.

Theorem 1:

The real and imaginary parts of an analytic function are harmonic functions.
Proof:

Let f(z) = u(x,y) + iv(x, y) be an analytic function.

Then u and v have continuous partial derivatives of first order which satisfy the

. . u dv ou ov
R lons givenby — = —and — = — —.
C.R equations give byax aya day ™
0%u 0%u 0°%v 0°%v
Further dxdy  0yox an dxdy  0ydx

d%°u  0%u 6(617) 6( av)

ax? T9y? ax\ay) Tay\ ox
Now 0’v  0%v
_-axay__ayax
=0

Thus u is a harmonic function.
Similarly we can prove that v is a harmonic function.

Remark 1. Laplace's equation provides a necessary condition for a function to
be the real or imaginary part of an analytic function.

For example, if u(x,y) = x? + y we have

az—u=2'az—u=0and 62_u+62_u=
0x? " 0y? 0x?  dy?

Thus u(x, y) is not harmonic function and hence it cannot be the real part of

2

any analytic function.
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Definition:
Let f = u + iv be an analytic function in a region D. Then v is said to be a
conjugate harmonic function of 1. .
Theorem 2:
Let f = || + iv be an analytic function in a region D. Then v is a harmonic
conjugate of u if and only if u is a harmonic conjugate of —v.
Proof:
Let v be a harmonic conjugate of u. Then f = u + iv is analytic.
~ if = iu — v isalso analytic.
Hence u is a harmonic conjugate of —v.
The proof for the converse is similar.
Theorem 3:
Any two harmonic conjugates of a given harmonic function u in a region O
differ by a real constant.
Proof:
Let u be a harmonic function.
Let v and v* be two harmonic conjugates of ||.
u+ivand u+ iv* are analytic in D.
Hence by the Cauchy-Riemann equation we have
au__av__av*
dx Jdy Ody
ou av__ adv*

and o= T T ox
_av ov* Jov Jv*

=— and —

"55"ay ox _ 0x
d * _ 0 ok
Hencea(v—v)—Oandax(v v*) =0.

~ v =v* 4+ ¢ where c iIs a real constant.
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Remark:
The Cauchy-Riemann equations can be used to obtain a harmonic conjugate of a
given harmonic function.

For example, let u(x,y) = x* — y2.

2 2
Then % + Z—yz = 2 — 2 = 0 so that u is harmonic in the whole complex plane

C.
Not, let v(x, y) be a harmonic conjugate of u.
dv  Jdu
Then @ = a = 2X vee vt (1)
dv ou
and - —@ = =2y s e e (2)

On integration of (1) with respect to y we get v = 2xy + @ (x) where ¢ (x) is a

function of x alone.
ov u _. ’ _
Now from (2) %= 3y gives 2y + ¢'(x) = 2y

s~ @'(x) = 0sothat ¢(x) = c(aconstant ).
SV =2xy +c.
Thus the harmonic conjugate of u(x, y) = x? — y? is given by v(x, y) =
2xy + c and the corresponding entire function is given by
f(@)=(*—y*) +ixy +c)
=z%+ic
Let u(x,y) and v(x,y) be given harmonic functions. We now describe a
method, due to Milne-Thompson, of constructing an analytic function whose
real part is u(x, y) or inaginary part is v(x, y).
Milne-Thompson method
Let u(x, y) be a given harmonic function.
Let f(2) = u(x,y) + iv(x,y) be an analytic function.
Then f'(2) = wy (%, ¥) + v, (x,¥)

= Uy (X, y) — luy (x,y)
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Let 1 (x,¥) = uy(x,y) and @, (x, y) = uy(x,y).

s .
Wehavexz%andyzzz—iz

Hence f'(z) = ¢, (ZT”ZZ—:Z) — i, (Zzﬂ%)

Putting z = Z we obtain f'(z) = ¢,(z,0) — igp,(z,0).

Hence f(2) = [ [¢1(2,0) —ip,(z,0)]dz + c.

Note. It can be proved in a similar way that the analytic function f(z) with a

given harmonic function v(x, y) as imaginary part is given by
f(2) = J [Y,(2,0) + iY,(z,0)]dz + c

where ¥, (x,y) = vy and Y, (x,y) = vy.

Solved Problems

Problem 1:

Prove that u = 2x — x3 + 3xy? is harmonic and find its harmonic conjugate.
Also find the corresponding analytic function.

Solution:

u = 2x — x3 + 3xy?.

Sy = 2 = 3%% + 3y% Uy = —6X;Uy, = 6XY; Uy, = 6.
“ Uy + Uy, = 0. Hence u is harmonic.

Let v be a harmonic conjugate of u.

~ f(2) = u + iv is analytic.

By Cauchy-Riemann equations we have

=u, =2 —3x% + 3y2

Vy

-~ Integrating with respect to y we get
v=2y—=3x%y+y3 + (%) e eree e e (1)
where A(x) is an arbitrary function of x.

5 v = —6xy + A'(x).
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Now v, = —u,, gives —6xy + A'(x) = —6xy.

Hence A'(x) = 0 so that A(x) = ¢ where c is a constant.

Thus v = 2y — 3x%y + v + ¢ [ from (1)].

Now f(z) = 2x —x3 + 3xy?) + i(2y — 3x%’y + y3) + ic
=2(x+iy) — [(x® = 3xy?) + i(Bx*y —y3)] + ic
=2z — z3 + ic.

~ f(z) = 2z — z3 + ic is the required analytic function.

Problem 2:

Show that u = log/x? + y? is harmonic and determine its conjugate and hence

find the corresponding analytic function f(z).

Solution:
u =log+/x% +y? = %log(x2 + y2).
X P4yt —2x yP—x?
Uy = x2 4+ yz'uxx o (x2 + y2)2 o (x2 + y2)2'
o I S
Similarly w,,,, = )

Obviously uy, + uy, = 0 and hence u is harmonic.
Let v be a harmonic conjugate of u.
~ f(z) = u + iv is an analytic function.

By C.R. equations we have
X

Uy = U, = —xz n yz.

Integrating w.r.t y we get v = tan™?! (%) + ¢(x) where ¢(x) is an arbitrary

function of x.

Now v, = ﬁ(— %) + ¢'(x).

Also v, = —u,, = 2+ ¢'(x) = —% so that ¢’ (x) = 0.

x2+y2 x2+y2
Hence ¢p(x) = c.
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.~ v =tan" ! (%) +c

v f(@)=u+iv=Ilogyx2+yZ+i [tan_1 (%) + c].

Problem 3:

Show that u(x,y) = sinxcoshy + 2cos xsinhy + x% — y? + 4xy

Is harmonic. Find an analytic function f(z) in terms of z with the given u for its
real part.

Solution:

u, = cos xcoshy — 2sinxsinhy + 2x + 4y.
= —sinxcoshy — 2cos xsinh y + 2.

u, = sinxsinhy + 2cos xcoshy — 2y + 4x.
Uy, = sinxcoshy + 2cos xsinh y — 2.

“ Uy + Uy, = 0. Hence u is harmonic.

Now let ¢, (x,y) = u, and ¢, (x,y) = u,,.

- ¢1(z,0) = coszcosh 0 — 2sin zsinh 0 + 2z
= cosz + 2z.

Similarly, ¢,(z,0) = 2cos z + 4z.
-~ f(z) = J [1(2,0) — ip,(z; 0)]dz( by Milne Thompson method )

= J [cosz + 2z —i(2cos z + 4z)]dz

= sinz + z% — 2isinz — 2iz% + c.
Problem 4:
If f(z) = u(x,y) + iv(x,y) is an analytic function and

find £(2).

sin 2x

u(x,y) =

cosh 2y+cos 2x’

Solution:

It can be verified that u(x, y) is harmonic.

__ (cosh2y+cos2x)2cos2x+2 sin? 2x
Now, u, = >
(cosh 2y+cos 2x)
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__ 2cosh2ycos2x+2
(cosh 2y+cos 2x)?’

—2sin 2xsinh 2y

Also, u, = :
'Y (cosh2y+cos2x)?2

Let d1(x,¥) = u, and ¢, (x,y) = u,,
2cos 2zcosh 0 + 2 2

A ,O = = = 2
$1(2,0) (cosh0 + cos2z)?> 1+ cos2z ec 2

and ¢,(z,0) = 0.

f(2) = f [$1.(2,0) — ichy (2, 0)]dz

Now, = j sec? zdz
=tanz + c.
~ f(z)=tanz + c.
Problem 5:

sin 2x

Find the analytic function f(z) =u+ivifu+v =

cosh2y—cos2x’

Solution:
sin 2x
utv = cosh2y —cos2x =" M
2(cosh 2y — cos 2x)cos 2x — 2sin? 2x
et Vx = (cosh 2y — cos 2x)? - (2)
—2sin 2xsinh 2y
and uy, + v, = ..(3)

~ (cosh2y —cos2x)2 ™" """
Since the required function f(z) = u + iv is to be analytic, u and v satisfy the
C.R. equations u, = v, and u,, = —v,.

Using these equations in (2) we get
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_ 2(cosh 2y — cos 2x)cos 2x — 2sin’ 2x

(cosh 2y — cos 2x)?

2(1 — cos 2z)cos 2z — 2sin® 2z
B (1 — cos 22)?

2cos 2z — 2(cos? 2z + sin? 2z)
B (1 — cos 22)?

—2(1 —cos2z)
(1 —cos2z)?

—2

2sin? z

= —C0S€C%Z v v e nr. (4)

Using C.R. equations in (3) we get
—2sin 2xsinh 2y

Uy e = (cosh 2y — cos 2x)?
“ Uy (7,0) +u(z,0)=0

Now adding (4) and (5) we get 2u,.(z,0) = —cosec?z.
U (z,0) = —Ecoseczz R ()

Subtracting (4) from (5) we get 2u,, (z, 0) = cosec?z.

Uy (z,0) = Ecoseczz IR 7))

Now f(z) = u(z,0) + iv(z,0)
= f'(z) = u(z,0) + iv,(z,0)
= Uyx(2,0) —iuy(z,0)

= _ % (14 i)cosec’z [ using (6) and (7)]

Integrating w.r.t z we have

f(z)= (1;i>cotz+c

Problem 6:
Given v(x,y) = x* — 6x%y? + y* find f(2) = u(x,y) + iv(x, y) such that

f(z) is analytic.
Solution:
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It can be easily verified that v(x, y) iéﬁﬁnonic.
Now, v, = 4x3 — 12xy? and v, = —12x%y + 4y°>.
Let f(z) = u + iv be the required analytic function.
By Cauchy-Riemann equations u, = v,.

U, = —12x%y + 4y3.

= Integrating with respect to x we get u = —4x3y + 4xy3 + A(y) where A(y)

Is an arbitrary function of y.
suy = —4x3 + 12xy% + X' (y) = -,
o —(4x3 — 12xy?) = —4x3 + 12xy* + X' (9).
=~ A'(y) = 0 so that A(y) = ¢ where c is a constant.
Thus u = —4x3y + 4xy3 + c.
a2 f(2) = (—4x3y + 4xy® + ) + i(x* — 6x%y% + y*)
= i[(x* —6x%y% + yH) + i(4x3y — 4xy3®)] + ¢
=i(x+iy)*+c
=iz* +c.
Aliter (Milne Thompson Method).
Let 1 (x,y) = v, and P, (x,y) = vy.

s~ Pi(x,y) = —12x%y + 4y3 and Y, (x, y) = 4x3 — 12xy2.

=~ 1P1(z,0) = 0 and ,(z,0) = 4z5.
@ = | [ 0) + i 0Nz
= iJ 4z3dz
=iz*+c.
Problem 7:
Find the analytic function f(z) = u + iv given that
u—v=e*(cosy —siny).
Solution:

u—v=e*(cosy—siny) .......... 1)
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Uy — Uy = ex(cldéngﬂ; —siny) .......(2)
and u, — v, = —e*(siny + cosy) ......... (3)

Since the required function is to be analytic it has to satisfy the C.R. equations.

=~ Using C.R. equations in (3) we get

—Vy — U, = —e*(siny + cosy) ...... ... (4)
Solving (2) and (4) we get
Uy =e*CcoSy ... (5)
and v, =e*siny..........(6)

Integrating (6) with respect to x we get
v =-e*siny + f(y)
~vy,=e*cosy+ f'(y) e (7)
Using C.R. equations in (5) and (7) we get f'(y) = 0.
Hence f(y) = ¢, where ¢, is a constant.
~ v =e*siny + c;.
From (1) u = e*cosy + c,.

fz)=u+iv
=e*(cosy + ie*siny +c; +ic,
=e*(cosy + isiny) + (¢ + icy)

Now, . )
= e*e"” + a( where a is a complex constant )
=Xt 4 o
=e‘+a

Problem 8:

Ifu+v=_x—vy)x%+4xy +y?)and f(2) = u + iv find the analytic
function f(z) in terms of z.
Solution:
u+v=>x—-y)&%+4xy+y3) ... (1)
Differentiating (1) partially w.r.t x we get

Uy + v, = (X2 +4xy +y) + (x —y)2x +4Y) e e ... (2)
Differentiating (1) partially w.r.t y we get
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Uy, + vy, = —(x® +4xy + y*) + (x —y)(4x + 2y) ... ... (3)
Since f = u + iv is analytic, u and v satisfy the C.R. equations
Uy = vy and uy, = —v;.

=~ Using C.R. equations in (3) we get

—Vp + Uy = —(x% +4xy + y2) + (x — ) (4x + 2Y) . ... .. (4)
Adding (2) and (4) we get 2u,, = (x — y)(6x + 6Y).
Uy = 3% —Y%) v (5)

Subtracting (4) from (2) we get v,, = 6xy.
Using C.R. equations in (6) we get u,, = —6xy.
Let p1(x,y) = uy, and ¢, (x,y) = u,.

~ ¢1(z,0) = 3z% and ¢,(z,0) = 0.

By Milne-Thompson method

f(2) =J [d)l(z,O)—iqbz(z,O)]dZ:] 3z2dz=z3+¢

Problem 9:
Find the real part of the analytic function whose imaginary part is
e *[2xycosy + (y? — x?)sin y]. Construct the analytic function.
Solution:
Let v = e *[2xy cosy + (y? — x?) siny] and f(z) = u + iv be the required
analytic function.
We can prove that v is harmonic. We use Milne Thompson method to find the
harmonic conjugate u of v.
Let,(x,y) = v,
= e *(2xcosy — 2xysiny + 2ysiny + (y? — x?)cos y)
and ¥, (x,y) = vy
= e ¥*(=2xycosy — (y? — x?)siny + 2ycos y — 2xsin y).
~P1(2,0) = e 2(2z — z%) and Y, (z,0) = 0.
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By Milne Thompson method
@ = | W0 + s 0))dz
= f e %2z — z¥)dz

=f 2ze ?dz — [—ZZQ_Z-Ff e_ZZZdZ]
— ZZe—Z
= (x + iy)2e~*+)

= [(x? — y?%) + 2ixy]le *(cosy — isin y)
= e *[(x* — y?) + 2ixy](cos y — isin y)

Real part of f(z) = e *[(x? — y*)cosy + 2xysin y].

(i.e)u =e *[(x? — y*)cosy + 2xysin y].

Problem 10:

Find the constant a so that u(x,y) = ax? — y? + xy is harmonic. Find an
analytic function f(z) for which u is the real part. Also find its harmonic
conjugate.

Solution:

u=ax?—y?*+xy.

Given that u is harmonic. Hence it satisfies Laplace's equation

0u  0*u

vz Tz = O
ou 0%u
a=2ax+yand ﬁ=2a
ou 0%u

Now, @=—2y+xand W= —2
62u+62u 0=>2 2=0
E— —_—— = — =
0x?  0y? 4

Hence a = 1.

su=x%—y*+xy.
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Hence u, = 2x + y and u,, = —2y + X.
Let p1(x,y) = u, = 2x + y and ¢, (x,y) = u, = —2y + x.
~ ¢1(2,0) = 2z and ¢,(2,0) = z.

o f(z) = f [p1(2,0) —igp,(z,0)]dz
= f (2z —iz)dz

lZ+
=z’——+c
2

x + iy)?
(x +iy) b

_ 2 _
=x+iy)—i >

[
= (x% — y? + 2ixy) —E(x2 —y2 + 2ixy) + ¢

2 2
:(xz—y2+xy)+i<2xy+y 5 >+c

yZ2-x2\ . . i
~v(x,y) = 2xy + ( ) is the harmonic conjugate of u(x,y).

Problem 11:

If u(x,y) is a harmonic function in a region D prove that f(z) = —u — lg—u IS
analytic in D.

Solution. Let U = —and V= —Z—Iy‘

~ f(z) = U +iV. Since u is harmonic U and V have continuous first order

62
partial derivatives and — + — =0.
Alsoa—U— Pu _ —62—” [using (1) | = v
ax  9x? ay? g oy’
ou  av
Hence % 3y
ou 0%u 0%u 0 [0u ov
Now, — = = =—(—)=——.
ady dyox dxdy dx \dy 0x
U 1%
Hence 3= T
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Thus the partial derivatives of U and i}f;;isfy the Cauchy-Riemann equations.
Hence f is analytic in D.

Problem 12:

If u and v are harmonic functions satisfying the Cauchy-Riemann equations in a
region D then f = u + iv is analytic in D.

Solution:

Since u and v are harmonic the first order partial derivatives of u and v are
continuous. Also u and v satisfy the C.R. equations in D.

Hence f = u + iv is analytic in D.

Problem 13:

Prove that the real (imaginary) part of an analytic function when expressed in
polar form satisfies the equation

0’u 10u 1 90%u

—_—t 4 ——— =0
or? + r or + r2062

(This equation is the Laplace equation in polar form.)
Solution:

We know that Cauchy-Riemann equations in polar form are given by

6u_16v .
- p _r69"""""()

617_ 10du )

5 = 738 NN )|

We eliminate v from (1) and (2).

Differentiating (1) partially with respect to r and (2) partially with respect to 6

we have
d2%v B 0%u . ou ;
orago r orz or 7T -(3)
d0%v B 10%u A
Py raez""""""( )
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0%v

Slnceaae 5007 Wehaverm+—
JPu 10w 10 o
“orz ' ror  rzaez

10v 1 9%v
Similarly, —+ __+r_2ﬁ = 0.

Problem 14:

¢ and vy are functions of x and y satisfying Laplace's equation.
Ifu =1, —y, and v = ¢, + 3, prove that u + iv is analytic.
Solution:

Given that ¢ and y satisfy Laplace's equation.

Hence ¢y + ¢y, = 0

and Yy + Py, = 0,
Also u = ¢, — P and v = ¢, + P,
Uy = quy — Yy
y = Oyy — Yyx
= Qxx T lpxy
= _¢yx + 1:bxy[by(l)]
= ¢yx + 1pl)yy
= ¢yx — Yux [y (2)].

Thus u, = vy, and u,, = —v,.

Hence

and

Since ¢ and y are harmonic, all the partial derivatives are continuous.
Hence u + iv is analytic.

Problem 15:

Show that if u and v are conjugate harmonic functions the product uv is a
harmonic function.

Solution:

Since u and v are conjugate harmonic functions, we have

51

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Now let ¢ = tv.

¢, = uv, + vu,
Qo = UVyy + 2Uy Uy + VlUyy
Similarly ¢y, = uvy,, + 2u, vy, + vu,,
= UVyy, — 2UxUy + VU, [using(3) and (4) ]

Now ¢, + qbyy = u(vxx + vyy) + v(uxx + uyy)
= O[using(1) and (2) ]

~ ¢ = uv is a harmonic function.
Problem 16:
If f(z) =u+ivisanalyticand f(z) # 0, prove that

() (3 + =) 10g1f (@) = 0.

(ii) V2ampf(z) = 0.
Solution:

log f(z) = log|f(2)| + iampf (2).

Since f(z) # 0,log|f (z)] exists.

Further since f(z) is analytic and f(z) # 0,log f(z) is also analytic.

~ log|f(z)| and amp f(z) are the real and imaginary parts of the analytic
function log f (z).

Hence both log | f(z)| and amp f(z) satisfy the Laplace equation.

() 3= (g |f (2)]) + 5= Qog|f)]) = 0
(Ie)(—+—)loglf(2)l—0

(i) Also, —— (ampf (2)) + (ampf (2)) =0
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92 092

(i) <W+T) amp f(z) =
(i.e.) V2 amp f(2) = 0

Problem 17:
Given the function w = z3 where w = u + iv. Show that u and v satisfy the
Cauchy-Riemann equations. Prove that the families of curves u = ¢; and v =
¢, (¢, and ¢, are constants) are orthogonal to each other.
Solution:
w=2z3=(x+iy)3
= (x3 — 3xy?) +i(3x%y — y3).
~u=x3—3xy?and v = 3x%y — y3
u, = 3x* — 3y* and uy, = —6xy;
vy = 6xy and v, = 3x* — 3y°.
We note that u,, = v, and u,, = —v,.
Hence u and v satisfy the Cauchy-Riemann equations.
Now u,, = 6x and u,, = —6x.
S Uy + Uy = 6x — 6x = 0.
Hence u satisfies the Laplace equations.
Similarly vy, + vy, = 6y — 6y = 0.
Hence v satisfies the Laplace equations.
u=rc =x3—3xy%=
Differentiating w.r.t x we get 3x% — 3 (ny% + yz) = 0.

cdy _3(x*—y?) _x?—y?
Tdx 6xy  2xy

= Slope of the tangent at (x,, y,) for the curve u = c; is given by
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2_.2
X0—Yo

m, = .
1 2X0Yo

Now v = ¢, = 3x%y —y3 = c,.

Differentiating w.r.t x we get

d d d
3 <2xy + x? d_ic/) — 3y? d_ic, = 0. Hence d—z (3x2 — 3y?) = —6xy

LAy —2xy
Tdx x%—y?
Slope of the tangent to the curve u = ¢, at (xo, yo) is given by m, = ;xoyyzo
0~ Y0

Clearly, mym, = —1.
.. The two families of curves are orthogonal.
Exercises.
(1) Prove that the following functions are harmonic. Also find a harmonic
conjugate.
() u = sinhxsiny = ux WKT.u, =,
(i) u = 3x%y + 2x2 — y3 — 2y? (iii) u = e*cosy.
(2) Prove that the following functions are harmonic. Also find a function

v such the f(z) = u + iv is analytic and express f(z) in terms of z.

MDu=2x(1—-y) (i))u=-e*(xcosy—ysiny)
y
x2+y?’

3. Find the function f(z) = u + iv such that f(z) is analytic given that

(iMu=2xy+3y (iV)u=

(i) u=x (i) u =e*cosy (iii) u = x> — 3xy?

(iv) u = e*siny (V) u = cosxcoshy
. _ x . . .. __ 2cosxcoshy

(Vi) u = e*(xcosy — ysiny) (Vi) u = cosZricoshzy

(vii)v=3x%2y—y3 (iX)v=x3-3xy?+3x2—-3y%2+1
2sin2x
e2Y+e~2Y—2cos 2x’

4. Find the analytic function f(z) = u + iv if

X u=
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e

() u—v=(x—y)(x?+4xy + y?)

.. 2sin 2x

(”) utv= e2Y+e=2Y—-2c0s2x

cosx+sinx—e Y .

(iMHu—-—v= ooy oy diven that f(m/2)
(iV)yu+v= xzjyz given that f(1) = 1.

5.1f f(z) = u + iv is an analytic function prove that
9% 02
- 4 — P — 2 p=2|f! 2
(axz += yz) fF@P =p*If@IP2If @)1
6.If f(z) is an analytic function of z show that
d 2 /9 2
—_ —_ — | £/ 2
(Grr@1) +(5;0r@1) =Ir P
7.Prove that the function u(z) and u(z) are simultancously harmonic.

8.Prove that the function u(x, y) and u(x? — y?, 2xy) are simultaneously

harmonic.

*— are both harmonic
+y

9.Prove that u(x,y) = x? — y? and v(x,y) = —

x2

but u + iv is not analytic.

10.From the Laplace's equation for u(x, y) prove that :ZZ;Z = 0.
Answers.
1.(i) v = —cosh xcos y (ii) v = 4xy — x3 + 3xy? (iii) v = e*siny
2.(i) 2z + iz? (i) zeZ (iii) —i(z% + 32) (iv) 1/z
3.(i) z (ii) e (iii) z3 (iv) —ie? (V) cos z (Vi) zeZ (vii) sec z (viii) z3 (ix)

1+i
2Z

i(z% + 32) (x)cot z 4.(ii) cotz (iii) 5 (1 — cot(2/2)) (iv) == + —
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UNIT Il

Conformal Mapping—Elementary Transformation —Bilinear Transformation —

Cross Ratio —Fixed Points.
Chapter 2: Section 2.1t0 2.5

2.1. Conformal Mapping:

In this section we study the geometric consequences of the existence of the
derivatives of complex functions. In particular we prove that if an analytic
function f has a non zero derivative at a point z, lying in a region, then f
preserves the angle between any two curves at z, both in magnitude and direction.
Definition:

A curve C in the complex plane is given by a continuous function

v:[a,b] = C. Ify(t) = x(t) + iy(t) then the curve C is determined by the two
continuous real valued functions of the real parameter t given by
x=x(t)andy = y(t) wherea <t < b.

We also write z = z(t) = x(t) + iy(t) wherea < t < b.

The point z(a) is called the origin of the curve and z(b) is called the terminus of
the curve.

The curve C is saild to be simple if t; #t,=z(t) # z(t,).
Equivalently € is simple if the function y is 1-1.
The curve C is called a closed curve if z(a) = z(b) and C is called a simple closed
curve if (i) z(a) = z(b) (ii) z(t,) # z(t,) for any other pair of distinct real
numbers t4, t, € [a, b].

A simple closed curve is also called a Jordan curve.
A curve C is said to be differentiable if z'(t) exists and is continuous. If further

z'(t) # 0 then the curve is said to be regular (smooth).
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Geometrically the regular curve has a tangent whose direction is determined by

the argument of z'(¢t).

If C is a curve determined by the equation z = z(t) where a < t < b then the
opposis curve of C denoted by —C is given by the equation
z(t)=z(b+a—t)wherea <t

Example 1:

t+it 1f0<t<1
t+i if1<t<?2

consisting of a line segment from 0 to 1 + i followed by another line segment

The polygonal line given by z(t) = {

from 1 + ito 2 + i is a simple curve.

The equation of the curve automatically determines an orientation for the curve
as shown in the figure.

We notice that the above curve is differentiable except at 1 + i. Such a curve is

called a piecewise differentiable curve.

1+ 2+i

z-plane

Definition:
A curve C given by z = z(t) is said to be piecewise differentiable if it is
differentiable except at a finite number of points and at any point where z(t) is

not differentiable it has a left derivative and right derivative.

Example 2.
The equation given by z(t) = cost + isint where 0 < t < 2m represents the

unit circle € with centre O and radius 1 described in the anticlockwise direction.
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The origin and terminus of the curve aré z(0) = 1 = z(2m). The orientation of

the circle as described in the figure is taken as the positive orientation.

AN THR
= &

=)

Positive Orientation Negative Orientation

The same circle with negative orientation —C is given by the equation z(t) =
cos(2m — t) + isin(2m — t). This is a simple closed curve.

Example 3:

In general, the equation z(t) = a + r(cost + isint) where 0 < t < 2@
represents a positively oriented circle with centre a and radius r. This is also a
simple closed curve.

Example 4:

The curve represented by z(t) = cost + isint where 0 <t < 4w is a closed
curve. However, it is not a simple closed curve, since z(m/2) = z(5m/2).
Actually, the equation represents a unit circle traversed twice.

Example 5:

The curve represented by z(t) = cost + isint where 0 <t < m represents a
semi-circular curve of unit radius above the real axis with the origin 1 and
terminus -1. This is not a closed curve since z(0) # z(m).

Definition:

Let f be an analytic function in aregion D. Let C be a curve given by the equation

z = z(t) where a <t < b and lying in D.
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Then the equation w = w(t) = f(z(tww

)) defines another curve C' in the w-plane

and is called the image of the curve C under f.

z-plane 5 w-plane

Definition:

Let f be a continuous function defined in the region D. Let z, € D. Let C; and
C, be two regular curves passing through z, and lying in D. Let C{ and C, be
the images of C, and C, respectively under f. If the angle between C; and C, is
equal to the angle between C{ and C, both in magnitude and direction then £ is
said to be conformal at z,.

Thus, a conformal mapping preserves angle both in magnitude and direction.
If the angle is preserved only in magnitude and direction is reversed then the
mapping is said to be isogonal or indirectly conformal.

Theorem 1:

Let f be an analytic function defined in a region D. Let z, € D. If f'(z,) # 0
then f is conformal at z,.

Proof:

Let C be a regular curve lying in the region D and passing thorugh z, € D.
Suppose the equation C is given by z = z(t) wherea <t < b.

Let zy = z(t,) for t, € [a, b].

The equation of the image curve C’ of C under f is givenby w = w(t) =

fz(2)).
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~w'(0) = f'(z()z'(0).
~w'(ty) = f’(Z(to))Z'(to)
= f'(20)2' (to).
By hypothesis f'(z,) # 0.
Also since C is regular z'(t,) # 0.
Hence w'(t,) # 0 and argw’(t,) = arg f'(z(ty)) + argz'(to) -........ (1)

argw’(t) = ¢
Hence ¢ = Y + 6 where arg f'(zy) = ¢
and argz'(t,) = 6.

Clearly 6 represents the angle made by the tangent to the curve C at z, with the
positive direction of the x-axis in the z-plane.

Similarly ¢ represents the angle made by the tangent to the curve C' at f(z,)
with the positive direction of the u-axis in the w-plane. Hence it follows from
(1) that the tangent to the regular curve C at z, is rotated through the angle ¥ by

the transformation w = f(z).

: z-plane w-plane
Now, let C; and C, be two regular curves passing through z, € D and lying in D
and C{ and C, be their image curves under the map w = f(2).
Let 8, and O, be the angles made by the tangents to the curves C; and C,
respectively it z, with the positive direction of the x-axis in the z-plane.
Let ¢, and ¢, be the angles made by the tangents to the cures C{ and C; at f(z,)
in the w-plane.
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S Qq =l/)+91and(p2 =1/J+82
Yy — @ =0, — 0.
=~ The angle ¢, — ¢, from C; to C, is the same in magnitude and sense as the

angle 8, — 6, from C; to C, (refer figure).

z-plane w-plane

Hence the function f preserves angle between the curves C; and C, at z, both in
magnitude and direction.

Hence f is conformal at z,.

Note 1. Under the conformal mapping w = f(z) angle of rotation y at z, is arg
w'(z,) and the scale factor is |f'(z,)]|

Note 2. The condition for conformality at a point z,, can also be written as
Jd(u,v)
9(x,y)
. d(ww)
T axy)

Example 6:

# 0. Since f'(z,) # 0 we have |f'(z,)| # 0.

# 0 (refer remark 1 in theorem 2.5)

Consider the mapping w = z. Geometrically it represents reflection about the real
axis and its preserves the angle in magnitude but reverses the direction. Hence it
IS an isogonal mapping.

Example 7:

Consider the mapping w = z2. Angle between any two curves passing through

the origin is doubled by this mapping.
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Hence the mapping is not conformal at z = 0. We notice that f'(0) =0.
Definition. Let f(z) be an analytic function defined in D and let z, € D.z, is
called a critical point of f(z) if f'(z,) = 0.

Solved Problems

Problem 1:

Determine the angle of rotation and scale factor at the point z = 1 + i under the
mapping w = z2.

Solution:

We know that the angle of rotation at 1 + i under w = z2 is given by arg
w'(1 + i) and the scale factor |[w'(1 + i)|.

Now w = z2 = w'(z) = 2z.

w1 +10) =2(1+10).

~argw'(1+1) = arg[2(1 +i)] = tan (1) = w/4.

=~ The angle of rotation at 1 + i is /4.

Now the scale factor at z = 1 + i is given by

lw'(1+ )| =201 +0)] = 2V2.

Problem 2:

Find the points where the following mappings are conformal. Also find the
critical points if any.

(i) w = z™ (n positive integer)
1

(i) w=-
(i) w=z+-
(iv) w = e?

(V) w=sinz
(vi) w = coshz
(vii) w=az+ banda # 0.
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Solution:

We know w = f(z) is conformal at a point z, if (a) w is analytic at z, and
f'(zo) # 0.

Also we know z, is a critical point of w = f(2) if

(a) w is analytic at z, and (b) f'(z,) = 0.

(i) w = z™ (n is a positive integer)

f(z) = z" is analytic at all points.

Now f'(z) = nz"1and f'(z) = 0 ifand only if z = 0.

Hence the mapping is conformal at all points z = 0 and 0 is the only critical
point of f(z).

(i) w= i The mapping f(z) = i Is analytic at all points except z = 0.
Now f'(z) = —Zizand f'(z) # 0forall z # 0.

Hence the mapping is conformal at all points except z = 0 and there is no
critical point for the mapping.

(i) w=z+-.

f(z)=z+ i Is not analytic at z = 0. Hence it is not conformal at z = 0.
Now f'(z) =1 -~

fl2)=0=z"=1=2z=%1.

The only critical points are 1 and -1 .

(iv) w = e?.

f(z) = e? is analytic at all points in the complex plane.

Now f'(z) = e? and e? # 0 forall z*.

~ f(z) is conformal in the entire complex plane and there is no critical point.

(V) w=sinz.
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Then f'(z) = cosz. Clearly f'(z) = (E =0ifz=mn/2+ nwwheren € Z.

These are the critical points and f(z) is conformal at all other points.

(vi) w = cosh z.

Hence f'(z) = sinh z. The mapping is not conformal at points where sinh z =
0 and the points are z = 0, +mi, +2mi, ... and these points are the critical points.
(vilw =az+ b(a # 0)

f(z) = az + b is analytic everywhere. Now f'(z) = a # 0.

~ f'(z) # 0 for all z. Hence this mapping is conformal everywhere and the are

no critical points.

Exercises

1. Find the angle of rotation and scale factor for the transformation w =
~at(i)z = 1 and (i) z = i.

2. Show that under the mapping w = z? the angle of rotationat z = 2 + i is
tan~1(1/2) and the scale factor is 2+/5.

3. Find the angle of rotation and scale factor for the mapping w = z3 + 8iz
atz=1-—1.

4. Find the coefficient of magnification and angle of rotation for
(i)w=z3at1+iand(ii) w = (1 — i)z at any point z.

5. Show that w = iz represents a rotation through an angle /2 and w =
—z a rotation through .

6. Find where the following mappings are conformal and also find the
critical points if any.
(i)w = z3

(i) w = cosz

(ili) w = sinh z
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Answers.
1. Mm-(@)o
-1 (1).
2. tan (4),\/@
. T ,.- T
3. ()6 (i) V2; -
4, (i) Conformal at all points except z = 0. Origin is a critical point.

(i1) Conformal except z = 0, +m, +2m, .... These are the critical points.

(iii) Conformal except at z = + (”?l) % ... These are the critical points.

Bilinear Transformations:

Introduction

A function f: € = C can be thought of as a transformation from one complex
plane to another complex plane. Hence the nature of a complex function can be
described by the manner in which it maps regions and curves from one complex
plane to another. In this chapter we shall discus's bilinear transformations and see

how various regions are transformed by these transformations.

2.2. Elementary Transformations

1.Translation:w =z +b

Consider the transformation w = z + b.

Ifz=x+iy,w=u+ivand b = b; + ib, then the image of the point (x, y)
in the z-plane is the point (x + by, y + b,) in the w-plane.

Under this transformation the image of any region is simply a translation of that
region. Hence the two regions have the same shape, size and orientation. In
particular the image of a straight line is a straight line and the image of a circle
with center a and radius r is a circle with centre a + b and radius r.

We note that o is the only fixed point of this transformation when b # 0.
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2. Rotation: w = az where |a| = 1
Consider the transformation w = az where |a| = 1.
Letz = re'® and a = e'® so that |a| = 1.

v w=az = e%(re'f) = rel@*to,

~ A point with polar coordinates (r, 8) in the z-plane is mapped to the point
(r, 0 + a) in the w-plane. Hence this transformation represents a rotation
through an angle a = arg a about the origin.

Under this transformation also straight lines are mapped into straight lines and
circles are mapped into circles.

We note that 0 and oo are the two fixed points of this transformation.

3. Magnification or Contraction: w = bz(b > 0, real)

Consider the transformation w = bz where b is real and b > 0.

Then a point with polar coordinates (r, 8) in the z-plane is mapped into the
point (br, 6 ) in the w-plane. Hence this transformation represents a
magnification or contraction by the factor accordingas b > 1 or b < 1.
Under this transformation also straight lines are mapped into straight lines and
circles are mapped into circles.

We note that 0 and o are the fixed points of this transformation.

Note. In general, the transformation w = bz where b is a non-zero complex
number represents a rotation through an angle arg b followed by a
magnification or a contraction by the factor |b|. Such a transformation is called

a homothetic transformation.
) 1
4. Inversion: w = -
. . 1
Consider the transformation w = -
Put z = re'®.

ww = (1/r)e %,
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as a product of two transformations
Ti(2z) = (1/r)e'? and T,(2) = re™% = z.

(Ty 0 T2)(2) = T1(T2(2))
= Tl(re_ie)

(e
r Z

The transformation T, (z) = (1/r)e'® represents the inversion with respect to

This transformation can be expressed

For,

the unit circle |z| = 1 and T,(z) = Z represents reflection about the real axis.
Hence the transformation w = i is the inversion w.r.t the unit circle followed by

the reflection about the real axis.

Here points outside the unit circle are mapped into

points inside the unit circle and vice versa. Points on the circle are reflected
about the real axis.

In terms of cartesian coordinates the above transformation can be expressed in

1 x-=iy

the formw =u+iv=——= .
x+iy x2+y2

X —Y
SU = m and v = m(l)
_ 1 u
Similarly, from z = —We getx = —7 andy = T e (1)
Now, consider the equation a(x?> + y?) + bx +cy +d =0 ........ (2)

where a, b, ¢, d are real.
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This equation represents a circle or a straight line accordingas a # 0 ora = 0.

Using (1) in (2) we get

du*+v3)+bu—cv+a=0.......... (3)

Now, suppose a # 0;d # 0.

In this case both (2) and (3) represent circles not passing through the origin.
Hence circles not passing through the origin are mapped into circles not passing
through the origin.

Similarly, a circle passing through the origin is mapped into a straight line not
passing through the origin.

A straight line not passing through the origin is mapped into a circle passing
through the origin.

A straight line passing through the origin is again mapped into a line passing

through the origin.
Thus, we see that under the transformation w = ithe image of a circle need not

be a circle and the image of a straight line need not be a straight line.
However, the family of circles and lines are again mapped into the family of

circles and lines.

We note that the fixed points of the transformation w = iare 1and -1.

Solved Problems
Problem 1:
Under the transformation w = iz + i show that the half plane x > 0 maps onto

the half plane v > 1.
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Solution:
Letz=x+iyandw =u+iv.

w=iz+isw=ilx+iy)+i=-y+i(x+1).
su+iv=—-y+i(x+1).
~su=-yandv =x+ 1.

sx>0sv>1.

=~ The half plane x > 0 is mapped into the half plane v > 1.

Problem 2:

Show that the region in the z-plane given by x > 0 and 0 < y < 2 is mapped
into the region in the w-plane given by —1 < u < 1 and v > 0 under the

transformation w = iz + 1.

W\
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3, ‘.‘\&: )
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:\.\%\\
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N
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/=
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>
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e

§\
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N

N
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z-plane w-plane
Solution:

Letz=x+iyandw =u+ iv,
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w=iz+1=a>w=ilx+iy)+1
>u+iv=_(-y+1)+ix.
su=1—-—yandv =x.
~x>0and0<y<2ev>0and —1<u<l.

Hence the given region is mapped into the region v > 0 and —1 <u < 1 as
shown in the figure.

Problem 3:

Find the image of the square region with vertices (0,0), (2,0), (2,2), (0,2) under

the transformation

w=_0A+Dz+(2+10).

Y

z-plane w-plane
Solution:
w = (1+4+1i)z+ (2 + i). Under this transformation

A(0,0) ismappedinto A" = (1 + )0+ 0i)+ (2+1i) =2 +1.

B(2,0) is mapped into B’ = (1 +i)(2+ 0i) + (2 +i) = 4 + 3i.
C(2,2) ismappedinto C' = (1 +i)(2+ 2i) + (2 +i) = 2 + 5i.
D(0,2) is mapped into D' = (1 +i)(0 + 2i) + (2 + i) = 0 + 3i.

=~ The required image region is another square A'B'C'D’ as given in the figure.
Note. Since the given transformation is combination of w; = (1 + i)z and the
translation w = w; + (2 + i) we get the image of the square ABCD by
increasing each length of ABCD by v/2 times and rotating the square through an
angle 45° about A and then translating it such that A coincides with A'(2 + i).
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Problem 4:

Show that by means of the inversion w = ithe circlegivenby |z—3| =51s

mapped into the circle |w + 136| = 136

Solution. The circle |z — 3| = 5 is mapped into |% - 3| = 5.
1
—3|=5=>| ,—3|=5
u+w
= |(1 — 3u) — 3iv| = 5|u + iv|
= (1-3u)?+9v? = 25@? + v?)
= 9u? —6u+ 1+ 9v? = 25u? + 25v2

= 16(u?+v3)+6u—1=0

o ut vt Lo
T 6 T 16

1
Now |W

2
This is a circle with center (— % 0) and radius (%) + 1—16 = %

Hence the image circle in the w-plane is given by the equation
|w+i=3.
16 16

Problem 5:

Find the image of the circle |z — 3i| = 3 under the map w = ;

Solution. The image of the circle |z — 3i| = 3 under the transformation w =

IS given by the equation |% — 3i| = 3.

. 1 .
——31=3=>| ——3i| =3
w u+iv
= |1 —-3i(u+iv)| =3|lu+iv|
Now = |(1+ 3v) —i3u| = 3|lu + iv|

= (1+ 3v)? + 9u? = 9(u? + v?)
=14 6v+9v?% 4+ 9u? = 9u? + 9v?
>6v+1=0

Hence the image of the circle |z — 3i| = 3 under w = é in the z-plane is the

straight line 6v + 1 = 0 in the w-plane.
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Problem 6:

Find the image of the strip 2 < x < 3 under w = E

. . 1 . . . .
Solution. The transformation w = - can be written in Cartesian coordinates as

u q —v
xX=——andy = ———.
u? + v? Y u? + v?
u
Now,x>2=——""—->2

u®+v
=>2W?+v¥)—-u<0

u
=>u +v?- 5 < 0.
=~ The region x > 2 is mapped into a region represented by u? + v? — % <0,

which is the interior of the circle with centre G 0) and radius %

u
X<3:>ﬁ<3
u‘+v
Now, =>3Ww?+v)—-u>0
2 , U
> u“+v —§>0

-

>
-

z-plane

=~ The region x < 3 is mapped onto the exterior of the circle with centre (1/6,0)

. 1
and radius G

-~ The strip 2 < x < 3 is mapped onto the region bounded by the circles u? +

v? = %and u? +v? = g in the w-plane.
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Exercises

1.Find the image of the square region with vertices (0,0), (1,0), (1,1) and (0,1)
under the transformation w = z + (3 — i).

2.Find the image of the rectangular region bounded by x = 0; y = 0;x = 2;y =
1 under the (i) translation w = z + (1 — 2i) (ii) rotation w = iz (iii)
transformation w = (1 + i)z + (2 —i).

3.Find the image of the strip 0 < x < 1 under the transformation u = iz.

4.Find the image of the region y > 1 under the transformation w = iz + 1.
5.Find the image of the semi-infinite strip x > 0; 0 < y < 2 under the

transformation w = iz + 1.

6.Describe geometrically the transformation w = ﬁ
7.Describe geometrically the transformation w = ﬁ
8.Show that by means of the inversion w = % the circle given by |z — 2| =7 is
. . 2 7
mapped into the circle |w + —| =—,
45 45
9.Prove that under the transformation w = i if a circle C is transformed into the

circle C; then the centre of the C need not be transformed into the centre of the
circle C;.

10.Find the image of the following under w = i

(i) the circle |z] = 1

(i) the circle |z — 2i| = 2

(i) thestrip 1 < x < 2.

Answers.
2.(i) The rectangular region bounded by u = 1, v = -2, u =3 andv = -1

(if) The rectangular region bounded by u = 0,v =0, u = —6and v = 2
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(iii) The rectangular region bounded byu+ v=1v—u=-3,u+v=>5and

v—u=-1

3.Thestrip0 < v < 1.

du+v>2

5-1<u<1u>0.

10.() u = % (ii) 4v + 1 = 0 (iii) The region between the circles u? + v? —u =
u

Owwu2+v2—3=0

2.3 Bilinear Transformations

az+b
cz+d

A transformation of the formw = T(2) = where a, b, c, d are complex

constants and ad — bc # 0, is called a bilinear transfor. mation or Mobius

transformation.
We define T (o) = %and T (_Td) = oo. Hence T becomes a 1 — 1 onto map of

the extended complex plane onto itself.
The inverse of (1) is given by

7 = T_l(w) — M
cw—a
which is also a bilinear transformation.
Note. All the elementary transformations discussed in 3.1 are bilinear
transformations.
Theorem 1:
Any bilinear transformation can be expressed as a product of translation,
rotation, magnification or contraction and inversion.

Proof:
Letw =T(z) = %Where ad —bc # 0

be the given bilinear transformation.
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casei. ¢ =0.
Hence d # 0 (since ad — bc # 0),

az+ b

d
= (a/d)z + (b/d).

Now, let T, (z) = (a/d)z and T,(z) = z + (b/d).
T, and T, are elementary transformations and
(T e T1)(2) = T[(a/d)z] = (a/d)z + (b/d)

=T(2)
caseii. ¢ # 0.
_az+b alz+(d/c)]+b—(ad/c)
W_cz+d B clz+ (d/c)]
a b—(ad/c)
=4t
c cz+d
Now, let T, (z) = cz+d
T,(z)=1/z
d
Ty(2) = (b _a7>z

T,(z)=2z+ (a/c)
Then T(2) = (T, 0 T30 T, o T;)(z) (verify)

Hence the theorem.

Corollary:

Under a bilinear transformation the family of circles and lines are transformed
into the family of circles and lines.

Proof:

Under each of the elementary transformations the family of circles and straight
lines are transformed into the family of circles and lines. Hence the result

follows.
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Solved Problems

Problem 1:

Show that the transformation w = :—fi maps the unit circle |z| = 1 into a circle

of radius unity and centre —%.

Solution:
5—-4z
w = .
4z—-2

s 4wz — 2w =5 —4z.

S~ (4w +4)z =5+ 2w.

5+2w
zZ = .
4w+4

Now, |z| =1=>zZz=1.

54 2w\ /5 + 2w
> (v ) (5 ra) =

4w + 4/ \4w + 4
= 25+ 4ww + 10w + 10w = 16ww + 16 + 16(w + w)
= 12ww + 6w + 6w — 9 = 0.

‘+1‘+1 > 0

= — — —— = U.

ww 21U ZlV 2

This represents the equation of the circle with center —% and radius i + % =

Hence the result.

Problem 2:
Show that the transformation w = % maps the circle zz — 2(z + z2) = 0 into

a straight line given by 2(w + w) + 3 = 0.

Solution:
_ 2z+ 3
e

~W(z—4)=2z+3
& 2w —=2)=3+4w
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3+ 4w
g =

w—2
The image of the circk Zz—2(z+2) =0 is

3+ 4w\ /3 + 4w 3+4w 3+ 4w
G=)G=) =5
w— 2 w— 2
On simplification we get 2(w + w) + 3 = 0 which is obviously a struight line.
Problem 3:

w-—2 w—2

Show that w = E maps the imaginary axis in the z — plane onto the circle

|w| = 1. What portion of the = phane corresponds to the interior of the circle

lw| = 1.

Solution:

wi=1e|[—=|=1
zZ+1

elx—-1=lz+11
Slx+iy—1|=|x+iy+ 1]

e (x—-—1)2+y?=(x+1)*+y?
Sx=0

Hence the transformation w = g maps the imaginary axis x = 0 onto the unit
circle |w| = 1.
Also since the point z = 1 is mapped to w = 0 it follows that the half plane x >

0 is mapped onto the interior of the circle |w| = 1.

Exercises.
1.Express each of the following bilinear transformations as a product of

elementary transformations.

Hw=22 (w=

+1

3z+2i
iz+6

1+i—3z
2—i+iz

(i) w =
2.Prove that the set of all bilinear transformations forms a group under

composition of mappings.
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3.Show that the transformation w = % maps the unit circle |z| = 1 into the
real axis of the w-plane.
4.Show that the transformation w = Z—fi maps the real axis in the z-plane to a

circle in the w-plane. Find the centre and radius of the circle.

5.Prove that if a point on a circle is mapped into oo under a bilinear
transformation, then this circle is transformed into a straight line. Deduce that a
pair of intersecting circles can be transformed into a pair of intersecting straight
lines and a pair of circles which touch each other can be transformed into a pair

of parallel lines.

Answers

1T (2) =z+1,T,(2) =1/2,T3(2) = =2Z,Ty(2) = z+ 1,

(i) Ty (2) =iz, T, =24+ 6,T3(z) = 1/2,T4(2) = 20iz,Ts(z) = z — zi

(i) Ty(2) =iz, Ty(2) =2+ 2—1,T3(2) =1/2,Ty(z) = (—=5i + 2)z, T5(2) =
z + 3i.

2.4. Cross Ratio:

Definition:

Let z,, z,, 23, z, be four distinct points in the extended complex plane. The cross
ratio of these four points denoted by (z,, z,, z3, z,) is defined by

((z1 — 23)(2; — 24)

if none of z;,z,, z3, Z4 1s 0
(z1 — z4) (22 — 23)
Zy — Z3 ) .

if z, 1s ©
Z1 T Zy
Zy T Zy ) .

(21, 24, 23, 24) = { if z5 is

Z1 T Zy
Zy — Z3 ) .

if z, 1s ©
Zy —Z3
Zy T Zy . .

if z; 1s 00
LZZ — Z3
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Theorem 1:
Any bilinear transformation preserves cross ratio.

Proof:

az+b

Letw = Cz+d,ad — bc + 0 be the given bilinear transformation. Let

71,7y, Z3, Z4 be four distinct points. Let their images under this transformation
be wy, wy, wg, w, respectively.
We assume that all the z; and w; are different from co.
We claim that (z,, z,, 23, z4) = (W1, Wy, W3, wy)
az;+b

We have w; = p—

i

(i = 1,2,3,4).

azl+b-__az3+b
czq+d  czz+d
_ (ad - bC)(Zl - Z3)
" (czy + d)(czz + d)

Slml|al’|y, Wy — Wy = kz(Zz - Z4).

NOW, Wi — W3 =

= kq(2; — z3)(say)

v (wy = wi)(wy — wy) = kiky (21 — 23) (25 — 74)
= k(zy — 23) (2, — 24)
Similarly, we can prove that
(w1 —wy)(wy —w3) = k(2 — 24) (2, — 23)
C(wy—wy)wy —wy) (21 —23)(2, — 2,)
. Wy — wy) (W, — ws) B (z1 — 24) (2, — 23)

The proof is similar if one of the z; or w; is co.

Note 1. Four distinct points z,, z,, z3, z, are collinear or concyclic iff
(24, 25, 23, Z4) 1S real.

Further any bilinear transformation preserves cross ratio. Hence it follows that
the family of circles and straight lines are mapped into the family of circles and
straight lines. This gives another proof for the corollary of theorem 1.

Note 2. The bilinear transformation which maps the three points z,, z,, z5 to
three points wy, w,, ws is given by (z, z4, z,, z3) = (W, wy, Wy, ws).

79

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Solved Problems

Problem 1:

Find the bilinear transformation which maps the points

zy=2,2y =1,z3 = —2,0ntow; = 1,w, = i,ws = —1 respectively.
Solution:

Let the image of any point z under the required transformation be w. The
required bilinear transformation is given by the equation

w,1,i,—-1) = (2,2,i,-2)
w-DA+1)  (z-D(2+2)
TwHDA-D) (Z+2)2-0)

o2w-D) 4z-D)
Tw+DA=-0) E+2)2-0)
(w—=1) 2(z—1)

"Woiw+l-i 2z—iz+4-20
s iwz + 6w — 3z — 2i = 0 (verify).
~w(iz+6)=3z+ 2i
3z + 2i
- iz+6
This is the required bilinear transformation.

Problem 2:
Find the bilinear transformation which maps the points z = —1,1, o
respectively onw = —i, —1, 1.
Solution:
Let the image of any point z under the required bilinear transformation be w.
Since bilinear transformation preserves cross ratio we have

(z,—1,1,00) = (w,—1i,—1,10).

. z—1 Ww+D(-i—10

(i.e.) = , , :

-1-1 (w-=0)(=i+1)
~(Z-1DWw-—=iw—1i—1)=4iw + 4i.
swlz—=1-i(z—-1)—-4i]=4i+({+ 1D(z-1).

@+ Dz+3i-1
YT a—Dz-3i-1
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Problem 3:

Find the bilinear transformation which maps the points z; = 0,z, = —i, and

z3 = —1intow; =i,w, = 1 and w3 = 0 respectively.

Solution: Let the image of any point z under the required bilinear
transformation be w. Since bilinear transformation preserves cross ratio we have

(z,0,—i,—1) = (w,i,1,0).
(z+DO0+1) w-1)(E—-0)
TE+DO+) w-0(-1)

~z+hw(i—1D)=—-Ww-1(z+1).
w(liz—i)=z+1.

W= —i (ﬂ) which is the required bilinear transformation.

Problem 4:
Determine the bilinear transformation which maps 0,1,00 into i,—1,—i
respectively. Under this transformation show that the interior of the unit circle of
the z-plane maps onto the half plane left to the v axis (left half of the w-plane).
Solution. The required bilinear transformation is given by the equation
(w,i,—1,—i) = (z,0,1, ).
S w+DE+) z-1
Tw+D@E+1D) 0-1°
2i(w + 1)
v - -=1—2z.
w+w-—1+1
2wt 2i=iwt+w—14+i—iwz—wz+z—iz.
swQRi—i—14+iz+z)=z—iz—2i—1+1.
sw[@i—D+({+Dzl=z(1-D) -1 +10).
_zA-)—-(1+0D)
YTz --0)

. (1+i>
T\

= (75
zZ—1
z— /i) z—i

=z—(l/z—i_z+i
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=~ The required bilinear transformation is w = j—:

The equations of the left half of the w-plane and the interior of the unit circle in

the z-plane are Rew < 0 and |z| < 1 respectively. Now,

Re W<O(:>Re<z_l_)<0
Z+1
R [CT0HD)
|z + i]?
S Re(z—-0)(Zz-i)<0
= Re(zz—-i(z+2)—-1)<0
& Re(zz) —1 < 0(+ i(z + 2) is imaginary )
e |z)P<1
Szl <1

=~ The left half plane is mapped into the interior of the unit circle.

Problem 5:
Find the bilinear transformation which maps -1,0,1 of the z-plane onto -1,-i,1 of
the w plane. Show that under this transformation the upper half of the z-plane
maps onto the interior of the unit circle |m| = 1.
Solution:
The required bilinear transformation is given by the equation
w,—-1,—-i,1) = (2,—1,0,1).
S w+D(-1-1) (z-0)(-1-1)
T w-1D(-1+i) (z-1(-1-0)
. —2(w +1) —2z
(1e.) , =
w-1D@{-1) 1-z
S A=z w+i)=zw-1)(I—-1)
(e )w+i=iwz+z
(e )w(l—iz)=2z—1.

_ _z—i_i(z—i)__(z—i)
R T T R e VAR
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=~ The required bilinear transformation is w = z(i—:)

The equations of the upper half of the w-plane and the interior of the unit circle

in the z-plane are given by Imw > 0 and |z| < 1 respectively.

zZ—1
ImW>O(=)Im(i( ,))>0
Z+1

zZ—1
(:)Re( _><O

z+1
& |z| < 1 (see problem 4).

Now,

Hence the upper half plane is mapped into the interior of the unit circle.

Exercises

1.Find the bilinear transformation which maps z,, z,, z3 t0 wy, w,, wy
respectively where

@z, =2,2z,=1,z3=—-2;w; =1,w, =i,wy = —1

b))z, =—i,z,=0,z3=;w; =1L, w, =i,wy =1

(C) Z1 = 0,z = i,Z3 = O,Wl = O,W2 = i,W3 = 00

(d) Z1 = 1,22 = _i,Zg = O,Wl = 0,W2 = 2,W3 = —i

(8)21 == 1,22 == _1,23 = oo, wWy = 1 +i,W2 == 1_i,W3 =1
(f) Z1 = 1,22 = i,Z3 = _1,W1 = i,WZ = O,W3 = —i

(g) Z1 = _1,22 = 1,23 = O, wWwq = _i,WZ = _1,W3 =i

2.Find the bilinear transformation which maps the points z,, z,, z3 into the
points w; = 0,w, = 1 and w; = oo,

3.Prove that there exists a unique bilinear transformation mapping three distinct
points z,, z,, z3 onto three distinct points wy, w,, ws.

4.Let C; be a circle or a straight line in the complex plane. Let C, be a circle or
a straight line. Prove that there exists a bilinear transformation that maps C;

onto C,. (Hint. Choose any three points on C; and any three points on C, ).
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5.Find a bilinear transformation WhICh maps the vertices 1 +i,—i,2 —i ofa

triangle of the z-plane into the points 0,1, i of the w-plane.

Answers.

@w="2 Ow="2@Qw==
@w=22 @Qw=""(fHw=-—"
@w=i|Z75

2w = e
5:w= %
2.5. Fixed Points of Bilinear Transformations

If w = f(2) is any transformation from the z-plane to w-plane, the fixed points
of the transformation are the solutions of the equation z = f(z).

Consider a bilinear transformation given by

az+ b

w = where ad — bc # 0.
cz+d

The fixed points or invariant points of the bilinear transformation are given by

the roots of the equation z = 22,
cz+d

(i.e)cz?+(d—a)z—b = 0.
Case (I) c # 0.

In this case the fixed points are given by

B (a—d) +./[(d — a)? + 4bc]
B 2¢ '
When (d — a)? + 4bc # 0, the given bilinear transformation has two finite

fixed points and when (d — a)? + 4bc = 0 it has only one finite fixed point.

Case (ii) c = 0.

b

In this case the bilinear transformation becomes w = (%) zZ+ -
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Clearly oo is one fixed point.

b

Other fixed point is determined by the equation z = (%) z+-.

(ie)(d—a)z—b = 0.

~ Ifd — a # 0 we get a finite fixed point ﬁ.

If d — a = 0 then oo is the only fixed point.

Thus we have

Case (i) ¢ = 0; (d — a)? + 4bc # 0 = 2 finite fixed points.
Case (ii) ¢ = 0; (d — a)? + 4bc = 0 = one finite fixed point.
Case (iii) c = 0; a # d = oo and one finite fixed point.

Case (iv) ¢ = 0; a = d = oo is the only fixed point.

Theorem 1:

Any bilinear transformation having two finite fixed points a and £ can be

. . w—a z—Qa
written in the form v i k (z—B)'

Proof:

Let T be the given bilinear transformation having a and g as fixed points. Let

the image of any point y under T be §.

Then the bilinear transformation T is given by (w, 8, a,8) = (2,7, a,B).
w0 - - - h)

w=p)(—a) (-PF-a)
w—a Z—aQ — 60—«
=B = k(z—ﬁ) where k = g—iﬁ(f—ﬁ;

(ie.) 1)

Definition:

Let T be a bilinear transformation with two finite fixed points «, . If k given
by (1) is real T is called hyperbolic and if |k| = 1, T is called elliptic.

Theorem 3.4. Any bilinear transformation having co and a # oo as fixed points
can be written in the formw — a = k(z — a).

Proof:
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Let T be the given bilinear transforma'.[i"(n)"ﬁ having oo and « as fixed points. Lef
the image of any point y under T be §.

Then the bilinear transformation is given by (w, §; a,©) = (z,y; a, ).
. w—«a _ Z— U

"S—a y—a

~w—a=k(z—a)where k = :
y—«a

Definition:
A bilinear transformation with only one finite fixed point is called parabolic.
Theorem 2:
Any bilinear transformation having oo as the only fixed point is a translation.

Proof:

az

Letw = CZ:Z be the bilinear transformation having oo as the only fixed point.

Thenc =0and a = d.

~ The bilinear transformation reduces to the form w = aZ:b.

“w=2z+ (g) which is a translation.

Theorem 3:

Let C be a circle or a straight line and z,, z, be inverse points or reflection
points with respect to C. Let wy, w, and C; be the images of z;, z, and C under a
bilinear transformation. Then w; and w, are inverse points or reflection points
with respect to C;.

(i.e) a bilinear transformation preserves inverse points.

Proof:

Let the equationof C bepzZ+az+az+ =0 ........... (1)

Since z; and z, are inverse points w.r.t. C by theorem 1.11, we have
PZ1Z, + aZy +az;+f =0...........(2)
Let the given bilinear transformation be w = % where ad — bc # 0.
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7= —-"
—cw + a

=~ Under the given bilinear transformation (1) is transformed into

dw —b dw — b dw — _(dw—b 3 )
p(—cw+a>(—c‘v?1+d)+a<—c‘W+d>+a(m)+ﬁ_ - ()

Also (2) is transformed into

dW1 - b CZVTIZ - B CZM_/Z _E _ dW1 _b
P( ) — —-|ta| —— +a(—)+ﬁ=0----(4)
—cwy t+a/ \—cw, +a —Cw, +a —cwy +a

Clearly (4) is the condition for w; and w, to be inverse points with respect to

(3). Hence the theorem.
Note. We shall regard the center of the circle and oo as inverse points with

respect to the circle.

Solved Problems
Problem 1:

Find the invariant points of the transformations

. 1+z
Hw=—
.. 1
(i)w= 5
Solution:

(i) The invariant points of w = f(z) are got from f(z) = z.

1+z

~f(z2)=z = Z_l—z
= z—27z°=1+z

= 1+2z2=0

= z = *I.

~ i and —i are the two fixed points of the transformation.

1
fz)y =z = zZ= .
(i) i1 =0
= z°—-2iz—1=0
= (z=1)%=0
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Hence i is the (only) fixed point.

Problem 2:

Prove that the transformation w = Z is not a bilinear transformation.

Solution:

Any bilinear transformation, other than the identity transformation has two fixed
points. However, the transformation w = z has infinitely many fixed points,
namely all real numbers. Hence it is not a bilinear transformation.

Note. The above result can also be established by showing that w = z does not

preserve cross ratio.

Exercises

1. Prove that a bilinear transformation having origin as the fixed point can

be written in the formw =

cz+d’

2. Prove that a bilinear transformation having 0 and oo as fixed point is of
the form u = az.

3. Find the fixed points and the normal form of the following bilinear
transformations. Also determine whether they are elliptic, hyperbolic or

parabolic.

hw=z+3 ()w=2z+3 (i) w=22

(V) w=6z-9z (v) w=-" (vi) w="
vipw =22 iijw =22 (i) w =22
Answers.
3.(1) oo (i) oo (iii) 12— = (=) (5); elliptic

(iv) 3; parabolic (v) 0,1;% =2 (ﬁ) hyperbolic

2
(vi) 2; parabolic. (vii) i; parabolic (viii) 1 + i (ix) +iV/3
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UNIT 11

Complex Integration: Definite Integral- Cauchy’s Theorem—Cauchy integral

formula —Higher Derivatives.
Chapter 3: Sections- 3.1 t0 3.4

3.Complex Integration

Introduction

In this chapter we develop the theory of integration for complex functions. We

assume that the reader is familiar with the Riemann integral of a function defined

on [a, b]. Using this we define the integeral of a complex valued function defined

on [a, b] and the integral of a function f: D — € where D is a region in C, along

a curve C lying in D. We prove Cauchy's fundamental theorem and study the

various consequences of this theorem.

3.1. Definite integral:

We start with the definition of definite integral for a continuous complex valued

function of a real variable.

Definition:

Let f(t) = u(t) + iv(t) be a continuous complex valued function defined on
[a, b].

We define [ f(t)dt = [, u(t)de +i [ v(t)dt.

Remark:

The following properties of the definite integral can be easily verified

1.

2.

Ref, f(t)dt = [, Re[f(t)]dt
Imf, f()dt = [, Im[f(£)]dt
[+ g@)de = [ f©)de+ [, g(e)de

b b .
J,, cf(©dt = cf , f(t)dt where c is any complex constant.
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Lemma:

S, FDat] < [ 1@t
Proof:

Let [ f(t)dt = re'®.
b b
j fdt=r=e"9 | f(t)dt
b
= Re (e_ie f(t)dt) (since r is real)
) a
= Re ( j e~t0 f(t)dt) (using 4)
b
= j Re(e™f(t)dt) (using 1)
b
< J le™F(0)|dt
b
= [ lelir@lde
ab
- [ Irosar

b
Thus < J If(O)]dt

jb f(O)dt

Definition:
Let C be a piecewise differentiable curve given by the equation z = z(t) where
a <t < b. Let f(2) be a continuous complex valued function defined in a

region containing the curve C. We define
b
[ f@dz= [ ra@yr@a
Cc a

Example 1: Consider fC f(z)dz where f(z) = i and C is the circle |z| = r

described in the positive sense. The parametric equation of the circle |z| = r is

given by z = re't where 0 < t < 2m and z'(t) = ire®
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[ £z = j - [

=1 dt
0
= 2.

Example 2:

In general, fC Zd_—za = 2mi where C is the circle with centre a radius r given by

the equation z = a + re®*,0 < t < 2m. For [, 2= = [*" " dt Cdt =i [7" dt =
2Tl

Theorem 1:

[ o f@dz =~ [, f(2)dz.

Proof:

Suppose the equation of C is given by z = z(t) where a < t < b. We know that
the equation of —C is given by

z(t) =z(b+a—t)wherea <t <bh.

Now, [ . f(z)dz = [, f(z(b +a— t))z'(b + a — t)(—dt).

Putb +a—t =u.Then —dt = du.

Alsot=a=>u=bandt=b=>u=a
f f(z)dz = J Fz(W)z' (W)du
-C b
b
- - j £ (2(u))2' (w)du
—J f(z)dz
C

Remark:

The following results are immediate consequences of the definition.

1. Leta beacomplex constant. Then [. af(2)dz = a [, f(z)dz.
2. J Uf@D+9g@ldz= [ f(@)dz+ [ g(2)dz
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Definition:

Let C; be a differentiable curve with origin z, a and terminus z2. Let C, be
another differentiable curve with origin z, and terminus z;. Then the curve C
which consists of C, followed by C, is a piecewise differentiable curve with
origin z1 and terminus 23 . This curve is denoted by C; + C,.

Remark. If € = C; + Co then [ f(2)dz = [ f(2) + [ f(2)dz

Ingeneral if C = C; + C, + --- + C,, then

j f(z)dz = f(z)dz + f(zydz + -+ j f(z)dz
c (o) Cn

C1
Definition:

Let C be a piecewise differentiable curve given by the equation z = z(t) where
a <t < b. Then the length [ of C is defined by

b
[ = j |z'(t)|dLt.

Example:
Consider the circle C with centre a and radius r. The parametric equation of C
is given by z = a + re'* where 0 < t < 2m,

~Z'(t) = ire't

21 2T ] 21
ol =j |z’(t)|dt=f |irelt|dt=f rdt
0 0 0

= 2nr

Theorem 2:
|fC f(z)dz| < Ml where M = max{|f(z)|/z € C} and [ is the length of C.
Proof:
Suppose C is given by the equation z = z(t) wherea <t < b.
By definition of M we have
lfz(t))|<Mforallt;a<t<bh (D
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b e —
| reee @

j f(z)dz
C
b
Sflﬂdmfwwt

b
=f|ﬂ4mwvmm

Now, b
SJ M|z'(t)|dt. (using(1))

b
=MJ |z'(t)|dt

a

= Ml
<Ml <Ml

Jc f(z2)dz

Solved Problems

Problem 1:

Evaluate fC f(z)dz where f(z) =y —x — i3x? and C is the line segment from
z=0toz=1+1.

Solution:

The equation of the line segment C joiningz=0and z =14 iisgivenby y =
X.

=~ The parametric equation of C can be takenasx =tandy =twhere 0 <t <
1. Hence z(t) = x(t) + iy(t) = t + it sothat z'(t) = (1 +0).

Now, f(z(t)) =t — t — i3t? = —i3t2,

1
jﬂnm=jf@mnﬁMt
C 0
1
=f —i3t2(1 + i)dt
0

= —3i(1+ 1) [§]1= 1—i
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Problem 2:

Evaluate the integral [. (x* — iy*)dz where C is the parabola y = 2x* from

(1,2) to (2,8).

Solution:

Let f(z)=(x? — iy?). The parametric equation of C is given by x = ¢ and
y =2t?where 1 <t < 2.

s~ z(t) = x(t) + iy(t) =t +i2t? and z'(t) = 1 + 4it
2
f (x? —iy®)dz = f (t? — 4it*)(1 + 4it)dt
Cc 1

2
= j [(t2 + 16t°) + i(4t3 — 4tH)]dt
1

2

B 1:3_|_161:6 il 4t°
“\3776 )T 5 )|,

Problem 3:

Evaluate |, %Zdz where C is the semi circle z = 2¢' where0 < 6 <=

Solution:
Here z'(8) = 2ie'® so that dz = 2ied®.

z+2 ™2 +2\ .
[ 20 [ (2252) ievan
c Z 0 2et

s
= ZiJ (1+e"®)do
0

T

610
=2i 9+—_]
L 0

af(e-3)- ()

[mi — 2
= 2i ]

[
= —4 + 2mi
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Problem 4:
Let C be the arc of the circle |z| = 2 from z = 2 to z = 2i that lies in the finst

quadrant. Without actually evaluting the integral show that

T
|fC z241 g
Solution:
Let f(z) = 2+1

Since C is the circular arc of radius 2 lying in th - first quardrant the length [ of

Cisgivenbyl:i(an2)=n

0.2)

o 20
Also,onC,|z2+ 1| = |z2 = (-1D)| = |z*| - |- 1] =|z]*-1=3
Thus |z%2 + 1] = 3
. <-.
z2+ 117 3
Hence bytheorem2|f =<z

Problem 5:

Without evaluating the integral show that | Je =

segment fromz =itoz = 1.

Solution:
C is the line segment joining (0,1) to (1,0) and its length is obviously V2. As z
varies on C, the minimum value of |z| is the perpendicular distance from the

origin to the line segment C.
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1
2

Thuson C,|z| = —=so that |z|* > i.

1

74

<4

= By theorem 6.2] |, % < 42

Exercises

1.Evaluate fC xdz where C is the directed line segment from0to 1 + i

2.Evaluate [, xdz where C is the dircle |z| = r.

3.Show that [ xdz = %Tand Jo ydz = —gwhere C is the semi circle |z| = 1
and 0 < argz < m with inital point z = 1.

4.Find the value of the integral f01+i (x —y +ix?)dz

(i) along the straight line fromz =0toz =1 +i.

(ii) along the imaginary axis from z = 0 to z = i and then along a line parallel

totherealaxisfromz =itoz=1+1.

5.Show that fcl zdz = mi and sz zdz = —mi if C; in the upper half of the

circle |z| = 1 with z = 1 as the initial point and C, is the same semicircle with
z = —1 as the inital point.

6.Evaluate the integrals I; = [. xdz and I, = [_. ydz along the following paths.
(i) along the radius vector of the point z = 2 + i.

(i) along the semicircle |z| = 1,0 < argz < m with starting point 1 .

(iii) around the circle |z — a| = 7.

7.Evaluate | . |z|dz along the following paths.

(i) around the semicircle |z| = 1,0 < z < m with starting point 1 .

(i1) around the semicircle |z| = 1, —g <argz < gwith starting point —i

(iii) around the circle |z| = 7.

8.Evlauate fC |z|zdz where C is the closed curve consisting of the upper

semicircle |z| = 1 and the segment -1 <x <1,y = 0.
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9.Compute |,

|z|=1

|z —1]||dz|

10.Evaluate f((ozg) (2y + x?)dx + (3x — y) dy along

(i) the parabola x = 2t,y = t?> + 3

(ii) the straight-line segments from (0,3) to (2,3) and

then from (2,3) to (2,4).

(iii) a straight line from (0,3) to (2,4).

11.Evaluate fC (x + 2y)dx + (y — 2x)dy where C is the ellipse defined by

x = 4cos 0,y = 3sin 6 and C is described in the anticlockwise direction.
12.Evlauate f(?;) (3x + y)dx + (2y — x)dy along

(i) the curve y = x% + 1

(ii) the straight line joining (0,1) and (2,5)

(iii) the straight lines from (0,1) to (0,5) and then from (0,5) to (2,5)
(iv) the straight lines from (0,1) to (2,1) and then from (2,1) to (2,5)
13.Compute |, %where C denotes

(i) the square described in the positive sense with sides parallel to the axes and

of length 2a and having its centre at the origin.

(ii) the circle |z| = r described in the positive sense.

14.Evaluate fc |z|dz where C is the circle |z — 1| = 1 in the positive sense.

15.1f C is the curve y = x3 — 3x2 + 4x — 1 joining the points (1,1) and (2,3)

evaluate |, (12z% — 4iz)dz.

Answers

I (1+10)/2 2.inr? 4.() (-1+10)/3 (i)—(B+1i)/6

6.()2+1i;(2+1)/2 (i) im/2;—m/2 (iii) inr?; —nr?

7.()-2 (i)2i ()0

103
6

8.mi 9.8 10.()> (i)~ ()= 11.—48m
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12. (i) % (i) 32 (iii) 40 (iv) 24

13. (i) 2mi (i) 2mi  14.8i/3 15. —156 + 38i

3.2. Cauchy's Theorem:

In this section we prove the fundamental theorem of integration known as
Cauchy's theorem which forms the basis for the theory of complex integration
Definition:

Let p(x,y) and q(x,y) be two real valued functions. Then the differential
equation p(x,y)dx + q(x,y)dy = 0 is said to be exact if there exists a function
u(x,y) such that Z—Z = p and Z—l; =q.
We assume the following theorem without proof.

Theorem 1:

fcpdx + qdy depends only on the end points of C if and only if the integrand
IS exact.

Remark. The above theorem is true if p and g are complex valued functions as
well.

We now apply the above theorem for complex functions to get a
charecterisation for fcf(z)dz to depend only on end points of C.

Theorem 2:

Let f(z) be a continuous complex valued function defined on a region D. Then
fcf(z)dz depends only on the end points of C if and only if there exists an
analytic function F(z) such that F'(z) = f(z) in D.

Proof:

[ f(@dz = [ .f(2)(dx + idy)(since z = x + iy)

- fc f(@)dx + if @)dy
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fC f (z)dz depends only on the end poR of C if and only if there exists a

function F(z) defined on D such that Z—i = f(z) and Z—; = if (2).

2 Z—i = %Z—; so that Z—I; = —iZ—i which is the complex form of the Cauchy
Riemann equation for F(z)

Since f(z) is continuous the partial derivatives of F(z) are also continuous and
hence F(z) is analytic in D and F'(z) = f(z). Hence the theorem.

Corollary 1. Let f(z) be a continuous complex valued function defined on a

region D then fC f(z)dz = 0 for every closed curve C lying in D iff there exists

an analytic function F(z) such that F'(z) = f(z) in D.
Corollary 2. fC (z — a)"dz = 0 for every closed curve C provided n = 0.

(Z_a)n+1

n+1
Clearly F'(z) = (z — a)" = f(2).
« By corollary (1), J. f(2)dz = 0. Hence J. (z—a)"dz =0 foralln > 0.

Proof. Let F(z) =

Lemma 1:

Let C be a simple closed curve. Let D denote the closed region consisting of all
points interior to C together with the points on C. Let f be a function analytic in
D, Then given € > 0 it is possible to cover D with a finite number of squares and
partial squares whose boundaries are denoted by C; such that their exists' points
z; lying inside or on each C; satisfying

f(2) - f(z)

Z—Zj

—f'(z)| <e(=12...,m) (D

for all points z distinct from each z; and lying inside or on ;.
Proof:
We subdivide the region D into squares and partial squares by drawing equally

spaced lines parallel to the coordinate axes (refer figure). (A square is a closed
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region consisting of all points on and interior to it. If a particular square contains
points which are not in D we remove those points and call what remains a partial
square. In this figure o is a square and ¢’ is a partial square). This gives a finite

number of squares and partial squares which cover the regionD.

\r"‘r

N

N
)‘.
/.

- ol

Suppose the Lemma is false. Then in the covering constructed as above there
exists a subregion with boundary C; such that no point z; exists satisfying (1).
Let o, denote that subregion if it is a square. If it is a partial square let o, denote
the entire square of which it is a part.

We now subdivide a,, into four smaller squares by drawing line segments joining
the mid points of the opposite sides. At least one of the four smaller squares say
oy Is such that o; contains points of D and no point z; satisfying (1) exists.
Continuing this process we obtain a nested infinite sequence of squares o4, g5, 0,
such  that for each g, no z  satisfying (1) exists.
Now there exists a point z, common to each o, such that for any § > 0 the neight
bourhood |z — z,y| < 6 contains all the squares a,, for all sufficiently large values
of n.

Hence every neighborhood of z, contains points of D distinct from z,. Hence z,
is a limit point of D. Since D is closed z, € D.

Since f(z) is analytic at z, there exists § > 0 such that
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E e

Zy

|z —2zp| <8 = 1@ -
7 —

- f,(Zo) < E.iinnn (2)

Choose N such that the square gy Is contained in the neighbourhood |z — z,| <
&. Then for every point z in oy (2) holds.

= z, serves as the point z; stated in the lemma. This is a contradiction since
there is no z; in gy satisfying (1).

This contradiction proves the lemma.

Theorem 3: (Cauchy's Theorem)

Let f be a function which is analytic at all points inside and on a simple closed
curve C. Then [, f(2)dz = 0.

Proof:

Let D be the closed region consisting of all points interior to C together with the
points on C.

Let € > 0 be given.

Let C;(j = 1,2, ... ... ,n) denote the boundaries of the squares and partial squares

covering D such that there exists a point z; lying inside or on C; satisfying

f(2) - f(z)

Z—Zj

_ f’(zj) S S (1)

for all z distinct from z; and lying within or on C;.

f@-1(z) .
Let §;(z) = Z — z; -/ (Zj) itz # 7
0 if z =z

Clearly 6;(z) is a continuous function and
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f(2)= (Z]) zif (Z])+Zf (Z])+(Z Zj)5j(z)

f(z)dz = f f(z)dz —fc zif'(z)dz +j zf'(zj)dz + (Z — 2;)8;(2)dz

Cj

= f(z) f dz - 7f'(z)) j dz + f(z) j zdz + j (2~ 2)5(2)dz

= f (z — zj)6j(z)dz< since j dz = 0 and zdz = 0)
Cj Cj Cj
2B Jo f@dz =T] fo (2= 2)6(Ddz ... )

Now, in the sum Z 1 f f(2)dz the integrals along the common boundary of

every pair of adjacent subregions cancel each other. (since the integral is taken
in one direction along that line segment in one subregion and in the opposite

direction in the other) (refer figure)

G|

= ] —~ ';‘; ;"i
=3 e

iEss

e i |

R

b

g b |

i |

y i
e i
£ c s
R
\Q'

Hence only the integrals along the arcs which are the parts of C remain.
n
Z J f(2)dz = f f(2)dz.
j=1 Cj ¢

~From(2) [. f(2)dz = ¥}, fc,. (z — z)8;(z)dz.

zn: fc (Z—Zj)5j(Z)dZ
j=1 "¢

-- fC f(2)dz| =
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(Z — Zj)6j(z)|dz

z —zj||5j(z)|dz

n

< z |
j=1 "¢
n

~ [ f(2)dz| < X7y fc,. |z — z||6;(2)|dz ........... (3)

Now if C; is a square and s; is the length of its side then |z — z;| < v/2s; for all

z on C;. Also, from (1) we have |8;(z)| < € and hence

f |z — z;||6; (z)|dz< (\/Esjs) (4sj) ( by theorem 2)

Cj

=4V24;e .......(d)
where A; is the area of the square C;
Similarly for a partial square with boundary C; if [; is the length of the arc of C
which forms a part of C;. We have
j |z — zj||6j(z)|dz< \/Esje(élsj + lj)

Cj

< 4V24;e +V2Si;............ (5)

where S is the length of a side of some square containing the entire region D as
well as all the squares orignially used in covering D.

We observe that the sum of all A; 's that occur in the right-hand side of (4) and
(5) do not exceed S? and the sum of all the [ is equal to L (the length of C ).
Using (4) and (5) in (3) we obtain

f f(2)dz | < (4v25% +V2SL)e
Cc

= ke where k = 4V252 + /2SL is a constant.
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Thus |[. f(2)dz| < ke.
Since ¢ is arbitary we have [. f(z)dz = 0.

Note.

Cauchy's theorem was first proved by using Green's theorem with the additional
hypothesis that f’(z) is continuous. Later Goursat proved the theorem without
the hypothesis that f'(z) is continuous. For this reason the theorem is
sometimes known as Cauchy-Goursat theorem.

Definition:

A region D is said to be simply connected if every simple closed curve lying in
D encloses only points of D.

For example the interior of a simple closed curve is a simply connected region.
The annular region enclosed by two concentric circles is not simply connected.
A region which is not a simply connected is said to be a multiply connected
region.

Intuitively a simply connected region is one which does not have any holes in it.

Simply connected region

Multiply connected regions

We observe that Cauchy's theorem can be restated as follows
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Theorem 4: (Cauchy's theorem for simply connected regions).

Let f be a function which is analytic in a simply connected region D. Let C be
any simple closed curve lying within D. Then fC f(z)dz = 0.

We now extend Cauchy's theorem to certain types of multiply connected regions.
Theorem 5: (Cauchy's theorem for multiply connected regions)

Let C be a simple closed curve. Let C;(j = 1,2, ....... ,n) be a finite number of
simple closed curves lying in the interior of C such that the interiors of C; 's are
disjoint. Let D be the closed region consisting of all points withinand on C except
the points interior to each C;. Let B denote the entire oriented boundary of D
consisting of C and all the C; described in a direction such that the points of D are
to the left of B. Let f be a function which is analytic in D. Then fB f(2)dz = 0.

Proof:

Let L, be a polygonal path joining a point of C to a point of Cy; L, a polygonal
path joining a point of C, to a point of C,; ... ... ; L; a polygonal path joining a point
of C;_, to a point of C; and L,,,, a polygonal path joining a point of C,, to a point
of C such that no two Lj cross each other (refer figure).

This divides the region D into two simply connected regions D, and D,. Let B,

and B, denote the boundaries of D; and D, respectively.

By Cauchy's theorem for simply connected region
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f(z)dz =0 and f(z)dz = 0.

B, B,
Also fBl f(2)dz+ fBZ f(z)dz = [, f(z)dz since the integrals aiong L; are

taken twice i the opposite directions and cancel each other.
j f(z)dz = 0.
B

We observe that B = C — C; — C, — --- — C,, and hence the above theorem can
also be written in the form
f f(z2)dz = f(2)dz+ | f(z)dz+ -+ f(2)dz

C C1 C, Cn
Note:
In particular if C is a simple closed curve and C, is another simple closed curve
lying in the interior of C and f is analytic in the region D consisting of all points

inside and on C excluding the points interior to C, then fc f(z)dz =

o, f@adz.

3.3. Cauchy's Integral Formula

In this section we establish another fundamental result known as Cauchy's
integral formula using Cauchy's theorem.

Theorem 1:

Let f(z) be a function which is analytic inside and on a simple clored curve C.

Let z, be any point in the interior of C.

1 (1=

Then f (7o) = 2T ). Z — Z
c

Proof:
Choose a circle C, with centre z, and radius r, such that C, lies in the interior
of C.
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Now, z, is the only point inside C at which the function @

zZ—2Z,

Is not analytic and

hence is analytic in the region D consisting of all points inside and on C except

the points interior to C,.

f(2)dz _ j f(z)dz
cZ—2 co £ %0
_J f(2) = f(z0) + f(20) iz
- Co Z—2Z
Hence _ J f (@) — f(zo) dz + f (o) iz
Co zZ— 7, ¢, 2~ Zo
N ORI PR
Co zZ— 2z, ¢, 2~ Zo
- J FO =T 4, 4 f(zg) i)
Co Z =2y
f(2)dz _ f(z) = f(z) .
Thusjcz_—Z()—JC()( P >dz+2mfzo ......... (D
We now claim that fco (%’Zc(z‘))) dz = 0.

Since f(z) is analytic inside and on C it is continuous at z0 —
=~ Given g ~ 0 there exists S > 0 such that
|z—20] <d=|f(2) - f(z0)| < t
If we choose 1, < 6, then |z — z0| <m = |f(z) — f(z0)| < E,
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Hence

jco (f(Z; : ]fozo)) dz| < (%) (2mry)(sec 3.2 by theorem 2)

= 2Te

Thus |fco (M) dz| < 2ms.

zZ—2Z

Since ¢ is arbitrary we have [ . (w) dz = 0.

VA4

~ From (1) we get fc %dz = 2mif (z,).
—40

o f(zy) = ifc 1® 4,

2mi Z—Z
Theorem 2:
Let f(z) be analytic in a region D bounded by two concentric circles C; and C,

and on the boundary. Let z, be any point in D. Then

L ([ 1 f@

2mi ) z—zy 2miJg, z -z

f(zo) =

Proof:

Let L, and L, be two disjoint line segments not passing through z, both joining
a point of C; to a point of C, as shown in the figure. This divides the region D
into two simply connected regions D; and D,. Let B; and B, denote the oriented
boundary of D; and D, respectively.

ThenB; + B, =C;,—C, .......... (1)

We assume without loss of generality that z, € D;.

By Cauchy's integral formula,

1 f(2)

2ni Jp Z — 2

dz = f(zy) .o ... . (2)

Also % Is analytic in D, and hence by Cauchy's theorem
—40

1 f@
, dz =
2ni Jp, z — 20

0 (3)

Adding (2) and (3) and using (1) we get
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et

f(2)

1
=— d
f(z0) 21l Jo, ¢, Z = Zo z
1 z 1 z
(@, 1 Se
2mi ), Z — Zg 2mi ¢, Z — Zg
C,
\

Example 1:

Consider fC %where C is the circle |z — 2| = 5.

Letf(z) =1

The point z = 3 lies inside C.

Hence by Cauchy's integral formula fC ZdTZ?, = 2mif (3) = 2mi.
Example 2:

Let C denote the unit circle |z| = 1
Cdr = £ dy = 2mie® = 2mi
Then f. —dz = [, —dz = 2mie® = 2mi.
Theorem 3:
Let f(z) be analytic inside and on the circle C with centre a and radius r. Then

l
d . . .
f(a) = bof (lz) > where s is the arc length and [ is the circumference of the

circle.
(i,e) The value of the function at the center is equal to the mean of the value of
the function on the circumference.

Proof:
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By Cauchy's integral's formula we have f(a) =

f(Z)
27 fC (z— a)
Now the equation of the circle C is given by z = a + re'® where 0 < 6 < 2.

sdz=irc®de

2m f(a + rcie) .

. — ire 510
~ f(a) omi ), o0 (lre dQ)

1 (2« 0

% fla+re?)do
Also, we have s = r0 and s varies from 0 to L.

ds

T

1 .
s~ f(a) = ﬁjo fla+re)ds

1 l
=5 jo f()ds

Hence the theorem.
Theorem 4: (Maximum Modulus Theorem)
Let f(z) be continuous in a closed and bounded region D and analytic and
nonconstant in the interior of D. Then |f(2)| attains its maximum value on the
boundary of D and never in the interior of D.
Proof. Since f is continuous in a closed and bounded region D, |f(2)] is
bounded and attains its bound.
=~ There exists a positive real number M such that

If(z)] <M forallz€D ... .. (1)
and equality holds for at least one point z in D. Suppose that there exists an
interior point z, € D such that

lf )l =M ....... (2)

Choose a circle with center z, and radius r such that the circular disc |z — zy| <

r IS contained in D. Then we have
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2T

1 AN
f(zy) = Ej f(zo + re'®)e'®dg. (refer previous theorem)
0

21

1 .
a2 f(z9)] < 5[ |f(zo + re®)|do ......... (3)

0
Also, from (1) and (2) we have |f(zo + re'?)| < |f (zo)|

2T
;] I (2o + re'®)|do < 2]f (z0)|
0

. L i0
~|f (zo)] 2§j0 |f (2o +7€9)|dO ... ... .. (@)

From (3) and (4) we get |f (z9)| = ifozn |f (2o + e'?)|do
2T
=~ 2m|f(zo)] =J |f (2o + re'?)|do
2T 0 21T ‘
J |f (20)|d6 = f |f (2o + re'?)|do
0 0

zLM“ﬂ%N—V@rmﬁ%Ww=o
Since the integrand in the above expression is continuous and non- negative we
have |f(zo)| — |f(zo + r€?)[ =0
(ie) If (zo)| = |f(zo + re™®)| for all z in the circular disc |z — z,| < 7.
(ie) |f(zo)| = |f (2)] for all z in the circular disc.
~ f(2) is constant in a neighbourhood of z,.
Since f(z) is continuous it follows that f(z) is constant throughout D which is
a contradiction.

=~ The maximum of |f(2)| is not attained at any of the interior points of D.

Hence the theorem.
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Solved Problems

Problem 1:

z2+5 .
p— dz where C is |z| = 4

Evaluate using Cauchy's integral formula zimfc

Solution:
f(z) = z% + 5 is analytic inside and on |z| = 4 and z = 3 lies inside it.

z%45

. i 1 _ _ 22 _
» By Cauchy's integral formula — Je —dz=f(3)=3"+5=14

Problem 2:

zd
72

Evaluate |,

—where C is the positively oriented circle |z| = 2.

Solution:
1 1 _
z2-1  (z+1)(z-1) 2

'jzd_ljzd1JZdZ
2o T2 1Y T2 2+ 1

f(2z) = zis analytic and 1, —1 lie in the interior of C.

|
N
N
|-
Jay
I
N
+ | =
s
N——"

= By Cauchy's integral formula | % = 2mif (1) = 2mi.

AlJZdZ—Z' 1) = —2mi
SO CZ+1_ mif (—1) = —2mi

zdz 1 1
J = —=(2mi) — = (—2mi) = 2mi
c 2 2

z2 -1

Problem 3:
Evaluate fc Z,f; dz where C is positively oriented circle |z — i| = 2.
Solution:

1 1
z22+4  (z+20)(z-20)
= (o) oy partial face
bl riabery (by partial fraction).

Now, 2i lies inside C and by Cauchy's integral formula we have fc izzl dz =

VA
2mie?t,
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. . e . o
Also —2i lies outside C and hence 5 1 analytic inside and on C.

Hence by Cauchy's theorem | %dz = 0.

e’ 1 . T .
dz = 21Tl 21_0 —— 21.
fczz+4 2= g7 (2mie® —0) =7

Problem 4:

sinmz%+cos mwz?

(z—-1)(z—2)

Evaluate |, ( )dz where C is the circle |z| = 3.

Solution:

1 1

. . 1
By partial fractions DeD -2 1

Let f(z) = sinmz? + cosmz?. Then f(z) is analytic inside and on C and the

points | and 2 lie inside C. Hence by Cauchy's integral formula,

fGz) .
Lz_ldz—me(l)

= 2mi(sinm + cos )
= —2mi

j /@) dz— 2mif (2)

Similarly “¢
= 2mi(cos 4m + sin 4m)
= 2mi
Hence [ Ldz = 2mi — (—2mi) = 4mi
¢ (z-1D(z-2)
Problem 5:

Let C denote the boundary of the square whose sides lie along the lines x = +2

and y = +2 where C is described in the positive sense.

Cosz

Evaluate (i) /. —and (ii) J,

z(z2+8)
Solution:
()f zdz . Zdz
C 2z+41 27C +
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1 1
=3 (2mi) (— E) ( by Cauchy's integral formula )

—TTi

2
The points where f(z) is not analytic are +i2v/2 and these

cosz
z2+8

(ii) Let f(2) =
points lie outside C. Hence f(z) is analytic inside and on C.

By Cauchy's integral formula

cosz__(f@ o\ _m
fcmdz—Lsz—me (0)—2m(8)— 2

dz

z
Problem 6. Evaluate (9_22—)(2_“)

where C is the circle |z| = 2 taken in the

positive sense.

Z

9—z2'

Solution. Let f(z) = Clearly f(2), is analytic within and on C.

=~ By Cauchy's integral formula

zdz B f(z)d
,[C(9—zz)(z+i)_ cZ+i z
= 2mif (—i)

= 2ni(35) = 5
—™\10) "5

zdz
z2-1

Exercises

1.Prove that fC = 2mi where C is the positively oriented circle |z| = 2.

dz
z2+4

2.Evaluate fC where C is |z — i| = 2 in the positive sense.

3.  Evaluate [, zjﬁ where C is the circle of radius 1 with centre at
() z=1iand
(i) z = —i.

4, Evaluate [ c cZozs_nlz dz where C is a rectangle with vertices at (i) 2 +
i,—2 +iand (i) —i,2 —i,2 +i,1.

5. Show that ﬁfa ezzztflz =sint ift > 0 and C is the circle |z| = 3.
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e3%dz

Z—Tl

where C is the circle |z — 1| = 4.

6.  Evaluate [,

sin3z
z+m/2

7. Evaluate [, where C is the circle |z| = 5.

8.  Evaluate [, Z:'l—;_iwhere Cis

(i) the square bounded by the real and imaginary axis and the lines x = 1
andy = 1;
(i1) the rectangle bounded by the real and imaginary axes and the lines

x = 4 and y = 3 described in the anti-clockwise direction.

9.  Evaluate |, 22(622—1) where C is
. 3
(i) 2| = 5
.. 3
(i) |z| = 3.
3z—

10.  Evaluate [, 2= dz where C is (i) |z| = 3 (ii) |z| = 2.

z3—

dz .. .. 1
11.  Evaluate [, pTo— where C is (i) |z| = 2 (ii) |z — 1| ==.
dz .
12.  Evaluate [, — vy Where Cis
. 3
(i) |z =3
(i) |z| =1
(iii) |z — 2i| = 3
(iv) |z + 2i| = 3
(V) |z] = 3.
zdz

13.  Evaluate the integral fC where C is the circle |z — 2| = 2.

z4—1

14.  Evaluate [,
)]z =1
(i) [z+1—i| =2
i) |z + 1 +i| = 2

z+4)dz .
(2 22 \vhere C is
z“+2Z+5
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15. Evaluate [ zdz where Cis the circle |z| = 2.

¢ (9-2%)(z+
16.

. Zzil = 0 where C is the positively oriented circle |z| = 2.
Answers.

2. g 3. (i) t(cos1 +isin1) (ii) —m(cos1 —isin1)

4. ()0 (ii) —mi 6.—2mi 7.2mi 8. (i) 0 (ii) 2mi

9. (i) —2mi (i) 0 10. (i) 2mi (i) 0

11. (i) —2mi (i) 2mi  12. (i) O (ii) O (iii) 27 (iv) —21 (V) 0

13. 2. 14.() 0 (i) m (3 +2) (iii)
3.4. ngher Derivatives:

T[(Zl 3) 15, &

In this section we shall prove that an analytic function has derivatives of all
orders. It follows, in particular, that the derivative of an analytic function is
again an analytic function.

Consider a function f(z) which is analytic ina region D. Let z € D. Let C be
any circle with centre z such that the circle and its interior is contained in D. By

Cauchy's integral formula we have

f()
f(2) = % —, 4.
We now proceed to prove that f'(z) = f . “f ©) —d{ and in general f(™(z) =
@ g

2mi °C ({—z)n*1
Theorem 1:

Let f be analytic inside and on a simple closed curve C.

f©)
({-2)? @

Let z be any point inside C. Then f'(z) = ﬁfc

Proof. By Cauchy's integral formula we have f(z) = - lfc 1€) d{
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Jeth - (@) (&) f(©&)
h h(27u)f —Z—h_(—Z)d{

B hf ({)

B hsz [(c —z—h)({ - z)] 4
_1 f(§dg
‘EﬂEEEZ&ZE ........ (1)

F@)ag F(Q)dg
Now Jo ema—s ~ Je Gonp

] O F©
Ne—7-na-—2 T-27
Q1 1
C((—z)((—z—h_(—z>d(

Q)
<c—z)[<c—z—h)<z—z)] 4

~ f(Q)d¢
- hjc 04

i«

—z—h)({ —2)?
1 j f(§)d¢ f@a¢ j f(§)d¢
2ni ). (( —z — h)(( —h)  2mi c ((—2) ~ 2mi ({ —z—h)({ —z)?
L fEth)—f(2) f(9ag _ h f(§ag
o h 2mi fC (-2 2mi fC ((-z—h)({-2)2 (2)

Now, let M denote the maximum value of |f({)| on C. Let L be the length of C
and d be the shortest distance from z to any point on the curve C.

=~ For any point ¢ on C we have

| —z|=>dand | —z—h|=>|{ —z|—|h| =d — |h|

f© __ M
((—2)?(—z—n) ™ d*(d—|h])
From (2) we get

Hence
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fath—f@ 1 [ fQdc| Ikl (M)
h 2mi ). (( —2z)?| ~ 2m \d?(d — |h|)
L (feth =@ 1 f©de)
" -0 h 2mi ). (( —2)2)
L fEER—f@ 1 fO&
" h>0 h - 2mi ), ({ — 2)?
F@d

~ fl(2) = o). =22
Remark.

By using induction on n we can prove that for any positive integer n we have
M (z) = _f
f ( ) fC (Z Z)n+1 d(

Note. Thus, an analytic function has derivatives of all orders and the derivate of

27

an analytic function is again analytic.?

Example 1:

eZ
c z_ndz = ﬁwhere C is the circle |z| = 1.

Let f(z) = e?. Clearly f(z) is analytic and £ (z) = eZ for all n.

By the formula for higher derivatives

21 21
j_dz_j(z—O)” =(n—1)!80=(n—1)!

Example 2:

sin? z . . )
fC Z—7/6)° dz = mi where C is the circle |z| = 1.

Solution:
Let f(z) = sin? z. Then f'(z) = 2sin zcos z = sin 2z. f"'(z) = 2cos 2z. Also
/6 lies inside C.

Sll’l Z

e

= mi(2cosm/3)
=Tl
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Theorem 2: (Cauchy's inequality)

Let f(z) be analytic inside and on the circle C with centre z, and radius r. Let

M denote the maximum of |f(z)| on C. Then |f ™ (zy)| < 7:_1114
() (z,) = = [, L@z
Proof. We have f(z,) = — |, (z—zg)"*1
- n'/ M n!'M
o |f (Zo)| < %(T”"'l) (an) = rn

Hence |f ™ (zy)| < T:—f
Theorem 3: (Liouville's theorem)
A bounded entire function in the complex plane is constant.

Proof. Let f(z) be a bounded entire function.

Since f(z) is bounded there exists a real number M such that |f(z)| < M for all

.. Let z, be any complex number and r > 0 be any real number.

By Cauchy's inequality we have |f'(z,)| < %

Taking the limit as r —» oo we get f'(z,) = 0.

Since z, is arbitrary f'(z) = 0 for all z in the complex plane.

~ f(2) is a constant function.

Theorem 4:(Fundamental theorem of algebra)

Every polynomial of degree > 1 has atleast one zero (root) in C.
Proof:

Let f(z) be a polynomial of degree > 1.

Suppose f(z) has no zero in C. Then f(z) # 0 for all z.

Further f(z) is an entire function in the complex plane.

% is also an entire function. Also as z — o, f(z) — oo.

.-.%aOasz—wo.

1 . .
o n function.
D s a bounded functio
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Hence by Liouville's theorem le) IS a constant function.

~ f(2) is a constant function and hence it is a polynomial of degree zero which
Is a ontradiction.

Hence f(z) has at least one root in C.

Hence the theorem.

Theorem 5: (Morera's theorem)

If £(2) is continuous in a simply connected domain D and if fC f(2)dz = 0 for

every imple closed curve C lying in D then f(z) is analytic in D.

(This theorem is the converse of Cauchy's theorem)

Proof:

By corollary 1 of 6.2 there exists an analytic function F(z) such that F'(z) =
f(z)inD.

Also we know the derivative of an analytic function is an analytic function.
Hence F'(z) is analytic in D.

~ f(2) is analytic in D.

Solved Problems

Problem 1.
sinz

(z—m/2)?

Evaluate | dz where C is the circle |z| = 2.

Solution:
Let f(z) = sinz. Hence f'(z) = cosz. Also /2 lies inside |z| = 2.

sin zdz

—————— = 2mif'(m/2)

Hence /¢ ¢~ m/2)"

= 2mi(cosm/2)

=0
Problem 2:

z3dz . o

Evaluate |, 2t where C is the unit circle.
Solution:
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f z3dz 1 z3dz
C (2z+0)3  87C (z+i/2)3

Let f(z) = z3. Then f'(z) = 3z% and f"'(z) = 6z
Also —i lies inside C.

Hence fC (2z+ 1)3 = ;(Zznvl)f (_é)
2

i ( 31)
37‘[
~ 8
Problem 3:

(eZ+zsinh z)dz

Evaluate . p—

where C is the circle |z| = 4.

Solution:
Let f(z) = e? + zsinh z
Therefore f'(z) = e? + zcoshz + sinh z

Also i lies inside C.

Hencej = m)z —————dz = 2mif’(mi)

= 27 [e”i + micosh i + sinh m’]
= 2mi(—1 — mi)
= —-2mi(1 + mi)

Problem 4:

Show that when £ is analytic within and on a simple closed curve C and z, is

not on C then | r

(z)dz f(z)dz
=Jc

Z—2, (z—zy)?

Solution:

Case i. Suppose z, is in the exterior of C. Then both ——— 1) andf(z) are

(z—zy)? z—2,

analytic inside and on C.

~ By Cauchy's theorem ||, I (Z)dz = f(2)dz

C (z- Z)ZZO
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Case ii. z lies in the interior of C.

Then by Cauchy's integral formula, fC (’Zd(j)) dz = 2mif'(z,).
—40

Also by the formula for higher derivatives fC %dz = 2mif'(z,).
]

f'(2) _ f(2)
Hence |, o, 4z = Je Gy 9%
Problem 5:

Let the function f(z) = u(x,y) + iv(x, y) be continuous in a closed ounded
region D and let it be analytic and not constant in the interior of D. Show that re
function u(x, y) reaches its maximum value on the boundary of D and never in
the merior of D.

Solution:

Consider the function e/®. Since f(z) is continuous in a closed bounded egion
D and nonconstant in the interior of D, e/ is also continuous in the closed
sounded region D and analytic and nonconstant in the interior of D.

Now, the maximum value of |e/(#)| is attained only at a boundary point of D.

But |e/ @] = eu@)

- Maximum value e*®™) s attained only at a boundary point of D.
~ Maximum value of u(x, y) is attained only at a boundary point of D.

Problem 6:

sin2zdz

Evaluate |, E—— where C is |z]| = 1.

Solution:

Let f(z) = sin 2z. Since f(z) is analytic and i /4 lies inside C.

_ sin 2z _ 2mi (m’)
)@z -t 3! 4

Now f'(z) = 2cos 2z, f'"'(z) = —4sin 2z; f""'(z) = —8cos 2z.
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Hence "' (mi/4) = —8cos(mi/2)

= —8cosh(mr/2)
. sin z dy = 8mi h(rz/2
- =)t z = ——3=cos (m/2)
Problem 7:
eZZ . .
Evaluate [ =y dz where C is the circle |z| = 2.
Solution:

Let f(z) = e®. Clearly f(z) is analytic and
f'(z) = 2e%% f"(z) = 4e%%; f'""(z) = 8e?*
By the formula for higher derivatives
| "z = () prey

c(z+1D* 3!

B (2ni> 8e~?)
B i8me™
-3

2

Problem 8:

Evaluate |, ﬁdz where C is |z| = 3.

+2)(z+
_ (z+2)—(z+1)

Solution. (z+2)(z+1)2  (z+2)(z+1)?
1 1
S (z+ 1?2 (z4+2)(z+ 1)
1 1 1
= = +
(z+1)? z+1 z+2
eZ eZ ez ez
fC (Z+2)(Z+1) dZ - fC ;dz - fC mdz + fC (Z+1)2 dZ ......... (1)

We note that z = —2, —1 lie in the interior of C.
Let f(z) = e?. Itis analytic in C. Also f'(z) = e”.

By Cauchy's integral formula
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L)

eZ
f " dz = 2mif (—2) = 2mie~ 2
c

eZ
f p—y 1dz = 2mif (—1) = 2mie™ L.
c

fcﬁdz - (%)f’(—n — 2nmie

e
~ From (1) L Z+ Dz +1)7° dz =2mile 2 —e 1 +e71]

= 2mie 2
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UNIT IV

Sequence and Series—Power Series—Taylor’s series—Laurent series—Zeros of an
Analytic function —Singularities.

Chapter 4: Sections -4.1 to 4.7

4. Power Series

Introduction

In this chapter we introduce the concept of power series and prove that there exists
a circle of convergence associated with any power series. The power series
converges within its circle of convergence, analytic and its derivative can be
obtained by term wise differentiation. We also define some standard elementary
functions such as exponential function, trigonometric function, hyperbolic
function and logarithmic function in terms of power series.

4.1. Sequences and series

We assume that the reader is familiar with the concept of sequences and series of
real numbers. This concept can naturally be extended to complex numbers also.
We briefly give the required definitions and state without proof the theorems
which are used subsequently.

Definition:

A sequence of complex numbers (z,,) is said to converge to a complex number z
if given € > 0 there exists a positive integer n, such that |z,, — z| < e foralln >

ngy. In this case we write (z,,) —» z or lim z,, = z.
n—-oo

Theorem 1:
Let (z,,) be a sequence of complex numbers. Let z, = x, + iy, and z = x + iy.

Then lim z,, = z ifand onty if lim x,, = x and lim y,, = y.
n—-oo

n—oo n—oo

Proof:
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Let (z,,) — z. Then given € > 0 there exists a positive integer n, such that
|z, — z| < e forall n > n,,.
Now |Re(z, — 2)| < |z, — z|

s x, — x| £z, — 2|
~ |xp, — x| < e for all n = n,,.
~ lim x, = x.

n—-oo
Similarly li_r)rolo Yo =Y.
Converselgli let (x,,) = x and (y,) — y.
=~ There exist positive integers n, and n, such that |x,, — x| < ¢/2 foralln >
n, and |y, —y| < g/2 foralln = n,.

Let ny = max|nq, n,|
Now |z, — zo| = |x, — x + i(yn — ¥)I

< [xp — x|+ [yn — I

< (e/2)+ (¢/2) = eforalln = ny,
~ limz, =2z

n—o0
Definition:
Let (a,,) be a sequence of real numbers. If (a,,) is not bounded above then we
define its upper limit to be oo. Let (a,,) be a sequence which is bounded above.
A real number u is called the upper limit of the sequence (a,,) if given € > 0
(i) there exists n, € N suchthata, < u + ¢ foralln = n,
(ii) there exist infinitely many terms of the sequence (a,,)

suchthat a, > u —¢.
The upper limit of ( a,, ) is denoted by lima,, or lim sup a,,.
Similarly we can define the lower limit of any sequence of real numbers and is
denoted by lima,, or lim infa,.
Definition: Let (z,) = z4, Zy, ... ... , Zn, -.. D€ a sequence of complex numbers.
Then the formal expression z; + z, + -+ ... + z,, + --- is called an infinite series

of complex numbers and is denoted by }.»_; z, or simply Y. z,.
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Let S1 = Z1;Sy; = Z1 + Z; S3 =21 + 2y + 235 .38y, =21 + 2y + -+ Zy.
Then (s,) is called the sequence of partial sums of the given series Y. z,.
The series ), z, is said to converge, or diverge according as the sequence of
partial sums (s, ) converges or diverges.

If (sp))—>s we say that ) a, converges to the sum s.
We state without proof the following tests for convergence of series.
Comparison test:

Let ). c, be aconvergent series of positive terms. Let ), a, be another series of
positive terms. If there exists m € N such that a,, < ¢, foralln > m then ), a,
Is also convergent.

Let ). d,, be a divergent series of positive terms. Let ), a,, be another series of
positive terms. If there exists m € N such that a,, > d,, foralln > mthen ), a,
is also divergent.

Result:

The harmonic series ), n—lp converges if p > 1 and diverges of p < 1. Ratio test.

Let ). a, be series of positive terms.

<1.

Then ), a, converges if lim > 1 and diverges if lim

n—oo Ayp41 n—oo dn41
Cauchy's Root test. Let ), a, be a series of positive terms. Then ). a,, is

convergent if lim a./™ < 1 and divergent if lim a>’™ > 1.

n—oo n—-oo
pefinition. A series ). z, is said to be absolutely convergent if ), |z,]| is
convergent.

Example 1:

. i 1
The series 3, — —| =2 — whichis

convergent.

Example 2: The series Y, ( " is not absolutely convergent for 3 |( Dl | —
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D %which Is divergent. However, the given series is convergent.

Theorem 2:

Any absolutely convergent series is convergent.
"

n

However the converse is not true. For example, the series ), IS convergent

but not absolutely convergent.

Note. Since ), |a,| is a series of positive terms the tests mentioned above can
be used to test the absolute convergence of a given series.

4.2. Sequences and Series of Functions

Definition:

Let (f;,) be a sequence of complex functions defined in a region D. Suppose that
for each z € D the sequence of complex numbers (f;,(z)) is convergent. Then we

define lim f,,(z) = f(z). We say that (f;,) converges pointwise to f on D and f
n—-oo

is called the pointwise limit of (f;,).

More explicitly the sequence (f;,,) converges pointwise to f if given z € D and
€ > 0 there exists a positive integer n, such that |f,,(z) — f(2)| < € forall n >
ny, Observe that n, in general depends both on € and z.

Definition:

Let (f;,) be a sequence of complex functions defined in a region D. Let f be
another complex function defined in D. The sequence ( f;, ) is said to converge
uniformly to f in D if given € > 0 there exists a positive integer n, such that
|fn(2) — f(2)| < eforalln = ny and for all z € D.

Remark. It is immediate from the definition that

uniform convergence = pointwise convergence.

Definition: Let ( f,, ) be a sequence of complex functions defined in a region D.
The series Y.;-1 f is said to converge pointwise to a function f defined in D if

the sequence of functions ( s,, ) conveges to f pointwise on D
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wheres, = fi+ fo + -+ fy.

The series Y.;—, f, is said to converge uniformly to a function f in D if the
sequence of functions (s, ) converges uniformly to f in D.

Weier strass M-Test. Let ). f,, be a series of complex functions defined in a
region D. Let ). M,, be a convergent series of positive real numbers. If |f,,(z)| <
M,, for allog and for all <€ D, then the series ), f,, converges uniformly on D.
4.3. Power Series

Definition:

An infinite series of the form

oo

Z a,z" =ag+ a;z + ayz* + -+ apz™ + -

n=0

where the coefficients ay, a4, ..., a, ..., and the variable z are complex numbers is
called a power series.

More generally any series of the form Y.7°_, a,(z — z,)™ where the coefficients
a,, Zo and the variable z are complex numbers is called a power series about z.
We shall prove results for power series for the special case z, = 0. The
corresponding results and their proofs for the general case are essentially
similar.

Example:

Consider the power series (geometric series)

(00

Z zZ"=14+z+z>+ .. +z" 1+

n=0
The partial sum of the series is givenby s, = 1 + z+ z%2 + --- + z""1
zZ"—1

z—1"

When |z| < 1 the sequence (z™) — 0 asn — oo, and hence (s,,) — i

Hence the power series converges when |z| < 1.
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T e AT

When |z| = 1 the sequence ( z™) diveré]né; and hence the power series diverges.
Thus, the given power series converges if |z| < 1 and diverges if |z| > 1.

We shall prove in general that every power series converges inside a circle and
diverges outside the same circle.

Theorem 1:

Let Yn—o a,z" be a given power series. Then there exists a number R such that
0 < R < oo, called the radius of convergence of the power series with the
following properties.

(i) The series converges absolutely for every z with |z| < R.

(if) If 0 < p < R the convergence is uniform in |z| < p.

(iii) If |z| > R the terms of the series are unbounded and hence the series
diverges.

Proof:
1

LetR = Y
We shall prove that for this choice of R the assertions of the theorem are true.
Case(i). R=0

In this case we need to prove that the series diverges for all z # 0.

R =0 = lim|a,|Y" = .

Hence the sequence (|a,|*/™) is not bounded above.

2 P
o a, |V > ] for an infinite number of values of n so that |a,,z™| > 2" for an

infinite number of values of n.
Hence the terms of the series are unbounded and the series is divergent.
Case(ii). R = co. We claim that the power series converges for all z. The serits

obviously converges when z = 0. Let z be any non zero complex number. R =
e

o = lim|a,|"™ = 0.

- Given & > 0 there exists a positive integer n, such that |a,|/™ < ¢ for all
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n= io.
. 1
In particular |a,|™ < 7 for all n > n,.

) p 1 . 1. . ..
s lapz”| < p for all n = ny. Since Y5, s convergent series of positive

terms by comparison test Y.o°—, |a,z"| is convergent.

~ ). a,z"is absolutely convergent for all z.

Case (ili)) 0 < R < oo.

By Cauchy's root test ), a,z™ is absolutely convergent if H|anz"|1/ T<1

mIanznll/n = m|avn|1/n|Z|

Now, = |Z|1im|an|1/n

= |zl x 3
R

Hence lim|a,z,|/" < 1 if |z| < R.

=~ The power series converges absolutely if |z| < R.

Similarly the series is divergent if |z] > R.

Now let 0 < p < R. We claim that the given power series converges uniformly
if |z] <p.

Choose a real number p, such that p < py, < R.

1 1 1
o = > == Iy |a,|"™ Hence M|a,|Y" < —.
Po R Po

By definition of upper limit there exists a positive integer n, such that

1/n [
"™ < Lforall n > ny.

anl Po

v la,z™ < (ﬂ)n foralln>n

.o n = 0.
Po

P

n
) forall n = n,.
Po

Since |z| < p we have |a,z"| < (
Now, since p < p, we have pﬁ < 1.
0

n
25 (pﬂ) IS convergent series of constant terms.

0
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~ By Weierstrass M-test ), a,z" is uniformly convergent in |z| < p.

Remark 1. If lim |—=-| exists then lim |a,|%/" exists and the two limits are
n—oo lantq n—oo
equal. Hence if lim ™| exists then R = lim |[—=
n-oo 1anty n-oo lapyq

Remark 2. There is no information about the behavior of the power series on
the circle of convergence. In fact, the behavior of the power series on the circle

of convergence can be of any type as shown in the following examples.

Example 1:
Consider the power series }.n—, fl—z
1
Here a, = F and any1 = (TL-l-—l)Z
a n+ 1)>2
R = lim [——| = lim %
Now, 112
= lim (1 +—)
n—>0o n
=1

Radius of convergence R = 1.

1

n2

Now, if |z| = 1, then

Zn
nZ

. 1 . n., .
Since Y5—4 — Is convergent Ymeq i—z Is absolutely convergent at every point on

the circle of convergence.

Example 2:

Consider the geometric series ).,—; z™. Obviously R = 1 and the series
diverges at every point on the circle of convergence.

Example 3:

n

. - zZ
Consider the power series Y4 —

1
Here a,, = -
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R = lim

n—->oo

= lim <1 + —) =1
n

n—>0o

An+1

When z = 1 the power series becomes Y.;°_; %which Is a divergent series of

positive terms.

When z = —1 the power series becomes Y., ; % which is a convergent

series.

Thus the power series is convergent at some point on the circle of convergence
and divergent at some other point on the circle of convergence.

Exercises:

1. Find the radii of convergence for the following series.

hrZ )y -EEE i)Y @+30)m2"

(n+2)(n+3)

Wz (1+3) 2 @y (1=

n2HD\ g n!
(vii) X (1+2 ) (viii) ), z
2. Provethat 1 + b 4 &e*DOOHL) 2 4 ... has unit radius of convergence.
+c 1-2-.c(c+1)

3. Nind the radius of convergence of the series
1-3-5

—2 +—22 +-—2°+

Answers

1. (1) oo (i)l (ii)5 (iv)e (v)é (vi) e (vii) 1 (viii) |
3

3. 5

Theorem 2:

Every power series represents an analytic function at all points within the circle
of convergence and its derivative can be obtained by term wise differentiation of
the given power series.

Proof:
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Let f(2) = Tp_oanz™
Let R denote the radius of convergence of the power series (1) and
let R > 0.

We know that% = lim|a,|"™ .......... (2)

Consider the power series Y5 na,z"" 1 ............ (3)

which is obtained by termwise differentiation of (1).

Let R, denote the radius of convergence of the power series (3).
We claim that R = R;.

Since multiplication by z does not alter the radius of convergence of the power
series it follows that R; = :
lim|na,|t/"

B 1

mnl/nlanll/n

1
= _—( since lim n!/ 1)
lim|a,|1/™ n—oo

=R
Thus R = R, and the derived series has the same radius of convergence as the
given power series.
Now, let g(2) = Y%, na,z" !
We claim that f'(z) = g(2).
Lets,(z) =ay +ayz+ -+ a,_,z" ! and
R.(2) = Y%, apz* sothat f(z) = s,,(z) + R,(2).
Thens,, (z) = a; + 2a,z + -+ ...+ (n — 1)a,,_,;z™ 2 which is a partial sum of
the derived series.
Hence Tlangos;l(z) =g(z)in|z| <R.
Let z, be any point in |z| <R.
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sn(2) + Rn(2) — sn(20) — Rn(zo)fd%

= pa— — 9(zp)
n — on / Rn - Rn /
NLOk ;(z(o ~ spag) + . %) 4 s1z) — 90)

R, (2) — Ry, (2zp)

0

$n(2) — sn(2o)
zZ— Z

—sn(zo)| + + Isn(20) = g(2)] -+ ..(5)

Since lim s,(zy) = g(z,) there exists a positive integer n, such that
n—oo

|s,,(z9) — g(zp)| < e/3 foralln/=n, ..(6)

Rn(2)=Rn(Zo)| _ oo |ar(z*-z)
Also p = Yk=n p
= z ar(z" 1+ 287225 + o + 22872 + 2E71)
k=n
< D a2+ (21220 + -+ 2ol
k=n
< z laglkp*™t ... (7)
k=n

where p is a real number chosen in such a way that |z|, |zo] < p < R.
The expression in the right side of (7) is the remainder after n terms of the

convergent series Y5>, na,p™ ! and hence tends to 0 as n — oo.

Hence, we can find a positive integer n, such that
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Rn(Z) - Rn(ZO)
Z — Z

..(8)

3foralln — ™

Now choose a fixed positive integer n such that n > ny, n,.

By the definition of the derivative we can find § > 0 such that

0<|z—2z)| <6 = <= . (9)

Using (6), (8) and (9) in (5) we see that
f(2) = f(z)
Z — Zg

0<|z—2zy| <6 > —g(zp)| < e.

Hence f'(z,) = g(2).

Since z, is an arbitrary point in |z] < R, we have f'(z) = g(z) in |z| < R.
Remark: If the power series f(z) = Y.n—o anZ, has a non zero radius of
convergence, by repeated application of the above theorem we see that it has
derivatives of all orders. Hence, we have

f(2) =ag+ayz+a,z?>+ .. +az" + ..
f'(z)=a; +2a,z+ - ..+ nayz™t+ -,
f”(Z) = 2a, + 6azz + 12a422 + e tn(n— 1)Zn—2 F ..

™
Hence f™(0) = n!a, so that a,, = ! nI(O) and the power series becomes
(0 (0 e
f(2) =f(0)+f1(' )Z+f2(' )Zz+...+f n'( )Zn+---

which is the Maclaurin's series for f(2).
Hence every power series is the Maclaurin's series of the analytic function

which it defines within its circle of convergence.
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Series Expansions

Introduction:

Intis chapter we consider the problem of representing a given function as a power
series. We prove that if a function is analytic at a point z, then it can be expanded
as gop wer series called Taylor's series consisting of non-negative powers of z —
z, and ne expansion is valid in some neighbourhood of z,. We also prove that a
function f(z) fuch is analytic in an annular region a < |z — z3| < b can be
expanded as a series called Laurent's series consisting of positive and negative
powers of z — z,. We also introduce the concept of singular points of a function
and classify the singular points and discuss the behaviour of the function in the
neighbourhood of a singularity.

4.4. Taylor's Series

Theorem 1: (Taylor's Theorem)

Let f(z) be analytic in a region D containing z,. Then f(z) can be represented

as a power series in z — z, given by

f gz!o) (z—z9) + f Z(!ZO)

f@) = f(zo) + (2= 2 + oot T gy

The expansion is valid in the largest open disc with center z, contained in D.
Proof:

Let » > 0 be such that the disc |z — zy| < r is contained in D.

Let 0 <r, <r.LetC, bethecircle |z — z,| = 1.

By Cauchy's integral formula we have

1 f©
f(z) = 2ni ), -2 dd ..o (1)
Also, by theorem on higher derivatives, we have
gy = 1 [ LOE @

2mi C, (( — Z)n+1
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Now,

1 B 1

(_Z_((_Zo)—(z—zo)
1

G- [1-22]

! Z =20\ | (27 %)\ Z = Zp\" (?:2)2
=(—Zo 1+((—ZO>+((—ZO) o +((—ZO) ++1_ Z — 7,
=2

(using the identify ﬁ =l+a+a’*+-+a" 1+ f‘_—a)

_ 1 L ET% +(Z—Zo)2+ _I_(Z_Zo)n_l_l_ (z — )"
B {—zo ([ —2)* ({—2)3 (¢ —zp)" (¢ —2zo)™({ — 2)
Now, multiplying throughout by % integrating over C; and using (1) and (2)
we get
f(2) = f(zo) + [ (z)(z — z) + ! Z(,ZO) (z = zp)? + -
(n=1)¢ y AV (<)
v f—(zo)(z — ZO)n_l + Rn

(n—1)!

I L (9L s
where R = i Je Tag—sr

Here ¢ hes on C; and z lies in the interior of C; so that |z — z,| = r; and

|z — z4| < n.

clk =zl =({ —2¢) = (Z —2)| 2|5 — 29| — |k — zo| =11 — |z — 2]
1 1

< .
|k_Zl 7‘1—|Z—Z0|

Let M denote the maximum value of |f(z)| on C;.

lz—zo| MQ2mr,)
2n (ri—lz—zoDr{

Mz -z (|z - z0|)"‘1

B (ry — |z — zo|) &1

Then |R,,| = (by theorem 6.2)
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Z%0| < 1. Hence lim R, = 0.

n—>0o

Also

T
- Taking limit as n — oo in (3) we get

f'(zo) f"(z0)

f(Z) :f(ZO)+T(Z—ZO)+ o (Z—ZO)2+---
(n)
+f (Zo) (Z—ZO)"+---
n!

Note 1.

The above series is called the Taylor series of f(z) about the point z,. Thus if
f(2) is analytic at a point z, then f(z) can be represented as a Taylor's series
about z,, which is a series in non negative powers of z — z,. The expansion is
valid in some neighbourhood of z,.

Note 2.

The Taylor series expansion of f(z) about the point zero is called the

Maclaurin's series. Thus, the Maclaurin's series of f(z) is given by

z z* z"
f@) =)+ £/ + 5 f(0) + -+ — fV(0) + -+
Example 1:
The Taylor's series for f(z) = g about z = 1 is given by

1 ') f(1) ()
T DA =D+ = 31

Now, f(2) =§=>f(1) =1

(z—-1)>2*+ (z—1)%+ -

1
fl@=-—=f1=-1
2
f'@=—=f"(1)=2
6
flll(z) — _Z_4 = flll(l) — _6
Hence the Taylor's series expansion for ; about 1 is
1
~= 1-z—-D+@E-1)2*—(=z-1)>+--
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s e

This expansion is valid in the disc |z — 1| < 1.

Similarly the Taylor's series for f(z) = iabout z =1 is given by

1 1 z—i (z-0D% (z-10)3
+(_)_(.)+__.

zZ 1 i2 i3 i*

and the expansion is valid in the disc |z — i| < 1. (verify)
Example 2:

Let f(2) = €%

Then f™(z) = e? for all n and hence £ (0) = 1.

Hence the Maclaurin’s series for e? is given by
2_q14 7% z2 Z3 z"
e’ = +E+E+§+'“+E+'“
and the expansion is valid in the entire complex plane.

Maclaurin's series expansion of some of the standard functions are given below.

Lozeq Z z? ) i
e 7= —ﬁ+z—'“+(—) F+(|Z|<OO)
. Z3 ZS _ ZZTl—l
2. sinz=z-T+5 -+ (D" 1(2n_1)!+---(|z| < )
ZZ Z4- _ ZZTl—Z
3. cosz=1-"+—+ (D" 1(2n_2)!+---(|z| < )
3 5 2n—-1
4. sinhz=-+Z+Z 4.4 4. (z] <)
11 31 sl (2n-1)!
2 4 2n
5. coshz=1+=+=+ - +—2—+--(|z| < o)
21 4l (2n)!
6. —=1-z+z2—z+-+(-D"z2"+ (2] <1)
7. = =l4z+22+2 4tz 4 (2] < 1)

8. logl+2)=z—2+Z — (=" 4 (2] < 1)

9. logl-z)=-z-2-Z—.-Z .. (7] <),

Solved problems

Problem 1:
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Expand cos z into a Taylor's series about fhe point z = /2 and determine the
region of convergence.

Solution:

Let f(z) = cosz

The Taylor's series for f(z) about z = /2 is

— _ 2
f(z)=f(ﬂ/2)+( / )f( /2)+ﬂf”( m/2)

. 3
—(Z T2 2y + -

Now f(z) = cos z. Hence f(rr/2) = 0.

f'(z) = —sinz. Hence f'(n/2) = —
f"(z) = —cosz. Hence f"'(n/2) =0
f""(z) = sinz. Hence f"'(n/2) = 1

=~ The Taylor's series for cos z about z = /2 is
(z—m/2) (z—-m/2)° (z-m/2)°

3 s "
The expansion is valid throughout the complex plane.
Problem 2:

COSZ = —

Expand f(z) = sinz in a Taylor's series about z = /4 and determine the
region of convergence of this series.
Solution:

The Taylor's series for f(z) about z = /4 is

— 2
f(Z)=f(7T/4)+( / )f( /4)+uf”( /%) + -

Here f(z) = sinz. Hence f(w/4) = =
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f"(z) = —sinz. Hence f"(n/4) = —

fIII(Z) — —cos z. Hence f”’(T[/4) = _ﬁ.

The Taylor's series for sin z about z = /4 is

1 +(z—n/4)(1> (z—n/4)2(1)

sinz = —

V2 1 \y2 2! V2
1 (z—m/4) (z—7n/4)? (z—m/4)3
_EIH 20 3 +]

The expansion is valid in the entire complex plane.
Problem 3:

Expand f(z) = g as a Taylor's series
(i) about the point z = 0.

(i) about the point z = 1. Determine the region of convergence in each case.

Solution.

. z—1

(i) f(2) = =2
=(z-1)(1+2)"!
=(z-1DA—z+2z>—2z3+ - )if |z] < 1
=(Z—ZZ+Z3—"°"°)—(1—Z+Z2—Z3—"'"')
=—1+2z—2z*+2z23+

The region of convergence is |z| < 1.

(i) f(z) ==
z—-1
= (2+z-1)
_ z-1
—2(1+2Y)
-1
=2(102)
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z-1 z-1 z—1\2 z-1
T 2 [1 2 +( 2 ) B (T
z—1 (Z—1)2+(z—1)3

2 22 23

. . . -1 . . .
The region of convergence is given by |ZT| < 1 which is same as the circular

disc|z — 1| < 2.
Problem 4:
Show that

()5 =1+3p; (n+1)(z+ D" when |z +1] < 1,

1 1 1qe z—2\"
(i) 5 =5+520, (-D"n+1)(Z2) when|z—2| <2

Solution:
1 1
22 [1—@z+DP?
=[1-(+D]™
) =142+ +3E+1D2+4@E+1)3+ iflz+1] <1

=1+z (n+ 1)(z + 1)" when |z + 1| < 1.

n=1

1 1
(i) 22 (z-2+2)2

1

2(1+257)]

1 z— 2\ 2
:Z(” 2 )

1 z—2 7z —2\? |z -
:Z[1_2< 2 >+3( 2 ) _'"llf T‘<1

1 1 z—2\ 1 Z—2\2
=Z‘z>;2( )3 (%)
=1+lz (1) + 1) (Z;)”

4 4 2

S
I
[
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Here the region of convergence is |—| < 1 which is the same as the circular

disc|z — 2| < 2.
Problem 5:
Expand ze?Z in a Taylor's series about z = —1 and deternine the region of
convergence.
Solution:
Let f(z) = ze??
= zp2(z+1) -2
— eiz [(z + 1)ez(z+1) _ eZ(z+1)]

2
=£4@+1%#+%27D+4@;1)+~}
2
_{1+2(z+1)+4(z+1) +}]

1! 2!
1 2z+ 1% 2%(z+1)?
=e—2[{(z+1)+ (Zl! ) + (ZZ! ) +}
2(z+1) 2%(z+1)?
_{” TR +}]
A (2 N (2.7 e (27 3
62[ +( ——)(z+ )+<F——>(z+ ) (5——>(z+ ) 4 e

The expansion is valid throughout the complex plane.
Problem 6:

72—

Find the Taylor's scries to represent in|z| <2

(z+2)(z +3)
Solution:

By partial fractions
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z2 -1 14 3
(z+2)(z+3) = z+2

3

3 8 z z?> Z3
=141+t |—o 1=+ -+

3 3 32 33
_(1+3 8>+( 3+8) ( 3 8 )2+
= 273 22 " 32 2.22 3.32)°

and the expansion is valid in |z| < 2.

Exercises.

1.Expand i about z = —1 and z = 2 as Taylor's series, stating the region of
convergence.

2.Show that — = 1—2(z — 1) + 3(z — 1)2 — 4(z — 1)* + - forall z in |z —
1| < 1.

3.Expand % as a Taylor's series about z = 1.

4.Find the Maclaurin's series for Z—iz What is its radius of convergence.

5.0btain the Taylor's series to represent in|z| <1.

(z+1)(z+3)
6.0btain the Taylor's series for i about z = 1. State the region of validity.

7.Find the Taylor's series for ze? about z = 1.

26 10 1

8.Show that sin z2 —22—3—+———+ - for |z| < oo.

ANSWers.

1
2.;=—1—(2—1)—(2—1)2+---;|Z+1|<1
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=5 - 22 = iz -2 <2

11 z-2 (z- 2)2!: Tz 2)?
z

n
o Z

-1 -3y, (21 53y inie

1

7.1 42y, (cpym O

3 i lz—11 <3
2z—1) 3(@z-1* 4(z-1)3
8.e [1 + 1] + T + TRRER
4.5 Laurent’s Series
A series of the form Y4 Z—" ......... (1)

can be considered as an ordinary power series in the variable - Hence if the radius
of convergence of the power series ».,—; b,z™isr and r < o

. b . .
the series Y. ;—4 Z—z converges in the region |z| > r.

The convergence is uniform in every region |z| = p > r and the series
represents an analytic function in |z| > r.

If the series (1) is combined with the usual power series we get a more general
series of the form »*°, a,z* ............. (2)

This series is said to converge at a point if the part of the series consisting of the
negative powers of z and the part of the series consisting of non-negative powers
of z are separately convergent. We know that the series consisting of non-
negative powers of z converges in a disc |z| < r, and the series consisting of
negative  powers of z converges in a region |z| > ;.
~ If r; < r, the series represented by (2) converges in the region r; < |z| <1,
and in this annulus region it represents an analytic function.

We shall now prove that the converse situation is also true.

(i.e) any function which is analytic in a region containing the annulus
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. < |z — zy| < r, can be represented in a series of the form
Y an(z — zy)™.

Theorem 1: (Laurent's theorem)

Let C; and C, denote respectively the concentric circles |z — zy| = r; and

|z — zy| = rp, withr; < r,. Let f(z) be analytic in a region containing the circular

annulus r; < |z — zy| < r,. Then f(z) can be represented as a convergent series

of positive and negative powers of z — z, given by

f(Z)=;m+; an(z — zp)

where b,, = . f©)ds

2l Cl ((_Zo)_n-}-l

1 f§)ag
_f AN Yine BN

and a,, = 2mi “Cy ({—zp)™V

Proof:

Let z be any point in the circular annulus r; < |z — z,| < 1y.
L & L [0
2miVC; -z 2mi €y -z

1 ¢ 1 d
v f(2) = fQd¢ fQd (1)

2ni)e, (—z 2mil)e z—¢

we have, f(z) =

As in the proof of Taylor's theorem, we have

e

2mi ), { — 2z

dl =ay+a,(z—zy) + a,(z — zy)? +

------ +a,.1(z—2z)" 1+ R(2) ... (2)

if &d( and

2mi VG ({—zy)*?

(z = zp)" f(§)d¢
2mi g, (§ = 2p)™(¢ — 2)

where a,, =

R, (z) =
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1 1

Z—(_Z—ZO+ZO—{

B 1
a (z —2z0) — ({ — z)
B 1
= =2
Now, (z = 2) [1 Cz— Zg]
_ 1 { =20\, (§=20\ {—20\""
G =) e ()
{ = zp\"
=
(—z
1= (z — Zg)
Multiplying by ];(—ni) and integrating over C; we get
f()d¢ by b, bn—1
¢, Z2—¢ _z—zo+ (z — zy)? +“.+(ZT0)“_1+SYL(Z) e (3)
1 f(d¢ 1 f(O( —zy)"d]
where by = 21 Jcl (¢ - ZO)‘"“'S" 2mi(z — zp)" c z—(
From (1), (2) and (3) we get
f(2)=a¢+a(z—zp) + - +ay_q (z—2zy)" !
2 b, by—1 R g 4
+z—zo+(z—zo)2+ ...... +(z—zo)”‘1+ nl2) + Sulz) o ®

The required result follows if we can prove that R,, - 0 and S,, - 0 asn — oo.
Now, if { € C; then |{ — z4| = 1, and
1z —¢| =1(z — 20) — ( — 20)| = |z — zo| — 1.
If { € C, then | — z,| =, and
I¢ —z| = [({ — z¢) — (z — zp)| =12 — |z — 2|
Now let M denote the maximum value of |f(z)] in C; U C,.

|z—zo|*  M(2m1,)

2 1 (ry—lz—z4l)

M|z — z| <|z—z0|>”‘1

~ (rp — |z = z) T

Then [R,| < (by theorem 2)
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|Z—Zo|

Since <1,R,—->0asn — oo,

T2

Also |S |< 1 Mrt(2mry)
n

T |z—zp|"21w (|1z—2z¢|-11)

< Mr; ( 2] )"
~ (Iz = zol =) \|z — 2|

<1S5,—->0asn — oo.

1

Since

|z—2z,l

Hence, by taking limit n — oo in (4) we get

f(Z)=;m+; an(z — zp)™.

Hence the theorem.
Remark:

The formulae for the coefficients a,, and b,, in the Laurent's series expansion
f(§)ag
ey (1)

: 1
are given by a, = — [ TR

1 f(§)d¢
and b, = - Jcl =z i (2)

Since the integrands in the integrals of (1) and (2) are analytic functions of ¢

throughout the annular region, any simple closed curve C in the annulus can be
used as the path of integration in place of C; and C,.

Hence Laurent's series can be written as
)= Az = 200" G < |z = 7] <)

1 f(§H)d¢
where A,, = Zﬂijc((—zo)nﬂ

Solved Problems

Problem:
Find the Laurent's series expansion of f(z) = z2e/? about z = 0.

Solution:
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f(z) = z%e'/?,

Clearly f(2) is analytic at all points z # 0.

= 21+1+ . + - + ]
f(#) =z z 2122 " 3143

=z%+ +1+ - + .

B TR T

This is the required Laurent's series expansion for f(z) at z = 0.
Problem 2:

Now,

Expand m

() |z] <1 (i) 1 < |z| < 2 (ii) |z| > 2.

as a power series in z in the regions

Solution:
-1 . . . .
Let f(2) = Do By splitting into partial fractions, we have

1

f@=5-75

z-2'

(i) The only points where f(z) is not analytic are 1 and 2. Hence f(z) is

analytic in |z| < 1 and hence can be represented as a Taylor's series in |z| < 1.

_ B 1 1
"f(z)_z—l z—2
B 1 N 1
C 1—z 2-2z
1 A
— —(1_AN"14_-(1_2
=—(1-2) +2(1 2)

=—(A+z+z>++2z2"+ -

—/

2 1+Z+Zz+ sy
2 2 4 2n
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(if) f(z) is analytic in the annular region 1 < |z| < 2 and hence can be
expanded as a Laurent's series in this region.

1 1
f@=r3"7
1

A
(since —| <1 and |—| < 1)
Z 2
= 1 = Ak
= Z on+1 + z on+1
n=0 n=0

This gives the Laurent's series expansionin 1 < |z| < 2.

(iii) f(2) is analytic in the domain |z| > 2 and in this domain we have |2/z| <

1. Hence
1
f@=7 [1 (l/z)] [1 - (2/2)]
1 1
=—[1- /2] ——[1-@2/2)]"
1 1 2 2\ (2\*
=;K )+(;) +“'>‘<1+(;)+(;) +>]
o 1-2n
= Z Zn+1
n=0
Problem 3:
Expand - as Laurent's series (i) about z = 0 in powers of z and (ii) about

z = 1 in powers z — 1. Also state the region of validity.

Solution:
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(i) The only points where f(z) is not aﬁyéﬂlmytic are 0 and 1. Hence f(z) can be

expanded as a Laurent's series in the annulus 0 < |z| < 1.

= _E(l +z+2z%+ 42"+ )(since |z] < 1)
1
= _<E+ 14z + z* +---+z"+---)
This is the Laurent's series expansion of f(z) in 0 < |z| < 1.
i) f(z) is analytic in 0 < |z — 1| < 1 and hence can be expanded as a Laurent's
series in powers of z — 1 in this region.
1 1 [ 1 ]
z2(z—-1) z—-1l1+@=-1)

1
=——[1+E-D]?

z—1
=Zi1[1—(z—1)+(z—1)2—(z—1)3+---]
=L—1+(z—1)—(z—1)2+---

z—1

This gives the Laurent's series expansionin 0 < |z — 1| < 1.
Problem 4:

Find the Laurent's series for m;m about z = —2.
Solution:

Let f(z) = m
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-1 N 2 "
z+1 Z+2(Veny>

-1 2
(z+2)—1 z+2

—[1—(z+2)]_1+i
B Z+2

=[1+(z+2)+(z+2)2+---]+£

2
Sep—— 2 2)2 4 ...
1+ E+2)+(z+2)+

Problem 5:
Expand f(z) = c

z . . . . .
De—D in a Laurent's series valid for (i) |z] — 1
(i1<|zl<2(i)]|z]|>2(v)|]z—1]>1and (V)0 < |z—-2| < 1.

Solution:

Let f(2) = m

V4

~f(2) = i + i (by partial fractions).

(i) |z| < 1.

2
@ =1 3a=22

Since |z| < 1, f(z) can be expanded in series as

=-(1-2"*+1-2z/2)"1

f(Z)=—[1+z+zz+z3+---]+[1+(£)+(£) +(i)3+...]

2
z 3z° 778

(i) 1 < |z < 2.

1 1 _ )
@ =01 20z 2z24 " 1/? Pz

Nowl < |z| <2 = |§| < 1 and |§| < 1. Hence, we have

153

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



e @@ -6+
ot () Q) i @)

(iii) |z| > 2. Hence |§| <1land |§| < 1.

1 2

(1-1/2) z(1-2/2)

= 1(1 —-1/2)7" —3(1 —2/2)7"
Z Z

1 1 1 1 2 2 /2 2\3
:_O+_+_T“?+”>__1+_+(J'+G)W
Z VA VA VA VA VA Z VA

f(2) =~

(iv)|z — 1| > 1. Hence L <1

|z-1]
1 2
f(z)_z—l z—2
1 2
T z—-1 z-1-1
1 2
Tz-1 1
(Z_l)(l_z—l)
1 2 1\
-
z—1 z-1 z—1
- L A L () ()
T z—-1 z-1 z—1 \z-1 z—1
1 2 2

z—-1 (z-12 (z-1)3
(V) 0<|z—2|<1.
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1 2

&= i 72

=1 -2 -

[1+@E-2" -~
2

= [1—(2—2)+(z—2)2—(z—2)3+---]—m

=Z__2+1—(z—2)+(z—2)2—(z—2)3+
Problem 6:
Expand 22_1 > in Laurent's series valid in the region 1 < |z| < 2.
Solution:
Let f(2) = Then

(z — 2) — (z -1 -1 1
(z-2)(z—-1) z-1 + — 2
f(2) is analytic inthe region 1 < |z| < 2.

f(2) =

Hence f(z) can be expanded in Laurent's series in that region. Now

(Y (R 1)=‘§(1‘§)_ -4 (1-32)

2 Zl_E

In the region 1 < |z| < 2, we have |§| <1land |§| < 1. Hence f(z) can be

expanded in Laurent's series as

=35+ G Q)]
i@ Q)+
SONGENC
Y e
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Problem 7:
z+4 . . . . .
If f(2) = Yoy find Laurent's series expansions in

()0 < |z—1| < 4 and (i) |z — 1| > 4.

Solution:
z+4
Let f(Z) = m
By expressing f(z) into partial fractions we get
1 1 5
f(z) =

16(z+3) 16(z—1)  #(z—1)?

(i)0<|z—1|<4.Hence0<|Z%1|<1.

1 5
) =6z =174 16z—1D " az-1?
~ 1 R S
64 (1 + %) 16(z—1) 4(z — 1)2
_1q z—1\"" 1 5
_ﬁ< T3 ) “T6(z=1) a@z-1)?

. -1
Since |ZT| < 1, we have

AT WEED ST

1 s 5
16(z—1) 4(z—1)?
5 1 1 1[z—=1 /z—-1\?
= — +——— —( ) +...
4(z—1)2 16(z—1) 64 64| 4 4

This is the required Laurent's series expansion for f(z) in0 < |z — 1| < 4.

(il) |z — 1| > 4. Hence |ﬁ| < 1.

1 " 5
16(z-1)(142)  16(z-1) = 4(z-1)?

Now f(z) =
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Z

2

=ﬁ[1_<zi1>+(zil> (zi1)3+.
_16(21— 1) +4(zi1)2
1 1 4 42

B AR R Ay
Problem 8:

Find the Laurent's series expansion of the function

zZ
zZ

(z+

annular region 2 < |z| < 3.
Solution:
Let f(2) =

By splitting f(z) into partial fractions, we get

8
=1 —
(@) +z+2 z+3

f(2) is analytic in the annular region 2 < |z| < 3.

z%2-1
(z4+2)(z+3)’

1
2)(z+3)

valid in the

Hence f(z) can be expanded as a Laurent's series in that region.
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f@=1+——————
2(1+2) 3(1+%)
3 2\ ' 8 zy"1
=1+ (1+3) —3(1+3)
3[ 2 2\* 2}
“1+1-24(5) = (5) +
Z Z Z Z
8 z Z\ 2 Z\3
31 -5+G) -G+
—1+3 nH" 2" _8y§ " 2\
-1+, (0 (F) -3, 1)
n=0 n=0
© (_ )nzn © _1)nzn
=1+3 Z Zn+1 -8 Z 3n+1
n=0 n=0
Problem 9:
For the function f(z) = ZZ(Z;:) find (i) a Taylor's series valid in a

neighbourhood of z = i and (ii) a Laurent's series valid within an annulus of
which centre is the origin.
Solution:

) fl2)=

2z3+1
z(z+1)

1 1 . ,
=2z—-2+ 2 + 211 (by partial fractions)

1 1
=2z-1)+—4+—— ... 1
(z ) z z+1 ()

=g(2) + h(2) +j(2)
where g(z) = 2(z — 1), h(z) = ~and j(z) = ——.
Taylor's expansion for g(z) about z = i is obviously 2(i — 1) + 2(z — i).

Taylor's expansion for h(z) about z = i is given by
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A0}

h(z) = h(i) + 2 (z— )"

(=1)"n!
in+1 '

Here h(i) = = h(”)( ) = E2 ™ o0 that kM (i) =

-D™n!

co - . . o ( 1)71
h(Z) = ?+ anl g (Z - l)n = Zn 0 n+1 (Z - l)n

=D"(z=D"
(1+pn+t

Similarly we can prove that j(z) = X5-o
Hence the Taylor's expansion for f(z) is

had —1)" —1)"
f(z)=2(i—1)+2(z—i)+z [(i"+)1 +(1(+ i))"“ (z—-0D)"

n=0

(ii) f(2) = 2z = 2+~ + (1 + 2)™* (from (1))

1
= ZZ—2+E+(1—Z+ZZ—Zs+°°°)if|Z| <1
~ Inthe annulus 0 < |z| < 1 the Laurent's expansion is given by
1
f(2) =E—1+Z+ZZ—Z?’+Z4—°“

Problem 10:

Expand f(z) = (26_1)3

of convergence of the series.

Solution:
e2(z-1)+2
(z—1)3
e2p2(z-1)
=(Z_—1)3
e? 2(z—1) 2%(z—1)* 23(z—-1)3
__e ()+()+()+___
(z—1)3 1! 2! 3!

1 2 2 4 2%
=e + tat =D+

f(2)=

- @D @D

This series converges for all values of z except z = 1.

about z = 1 as a Laurent's series. Also indicate the region
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Exercises

142z

1.Prove that =

1
72473 z2

+§—1+Z—Zz+23—'“Whereo< |z| < 1.

2.Find a Laurent's series expansions in powers of z of the function f(z) =

1
z(1+2z2)’

about z = 0 and state the

3.Find two different Laurent's series for

z2%(1-2)

regions of validity.

1
4.Expand m

M ]z] <1
iN1<]z| <2
(iii) |z| > 2

as a power series in z valid in

5.Expand Z(Z+ as a power series valid in 1 < |z| < 2.

3z+2)

6.Expand f(z) = m in Laurent's series valid for

H1<]z| <3.
(ii) |z| > 3
(o< |z+11<2

(i) |z| < 1
1

z(z—1)?

7.Expand in Laurent's series at the point z = 1.

8.Find a Laurent's series expansion in powers of z for the function f(z) =
1

z(1+z2)’
9. Expand 03 as a Laurent's series at z = 3 and state the region of validity.
10.Expand ! in powers of z in the regions

z(z2-3z+2)

Ho<l|z|<1 (iY1<]|z|<2 (i) |z| > 2
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Answers.

2. f(z) = ——Z+z —z°+-;0< |zl <1
1 1 1
f(Z):Z—B—Z—5+Z—7......;|Z|>1.

(ﬂ0$+§+1+z+f+wq0<wb<1
. 1011
(II)—(Z—3+Z—4+Z—5+"');|Z| > 1

-\ woo 1
4.0) T (1-5) 2
. w 1 w  Z"
(i) — Xn=1 T Xn=0 prey
. 2n_1
(iil) Xo=1 v

1 zt?
5. =Xn=0 [Zn+2 + 2n+1]

6.(i)—§+g—§+———+§__+ ..
(m%-? g_g+m

(I)Z( +1)_Z+§(Z+1)_1_16(Z+1)2+
(|v)———+13 2 ‘;‘1’234_...

7. Y=o (D" (z — D" 2
8.~ + XL, (—1)"zLif 0 < |z] < 1

P G S Clnt) 0<|z—3|<3
'9(z—3)2 27(z—3) 27 243 ;0 <|z=3]
15z2  31z3

+

10. (I)—+ + + + ..

32

(ii) (_i_ziz_ziz_'”)_l(l +£+é+...)
(iii) (2—1)—+(22—1) +(23—1)—
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4.6. Zeros of an Analytic Function: o

Definition:

Let f(2) be a function which is analytic in a region D. Let a € D. Then a is said

to be a zero of order r (where r is a positive integer) for f(z) if f(z) = (z —

a)" ¢ (z) where @(z) is analytic at a and ¢(a) # 0.
Example 1:
Consider f(z) = sinz

z3  z°

51nz=z—§+§_.........

we know that _, ( z°  Z
= z¢(z)
2 4
where ¢(z) = 1 ——+ = — -~
Obviously ¢(z) is analytic and ¢ (0) = 1 # 0.
z = 0 is a zero of order 1 for sin z.

Example 2:
Let f(z) = (z — 2i)*(z + 3)3e?

2i is a zero of order 2 and -3 is a zero of order 3 for f(z).

Example 3:

Let f(z) = z2sinz

z3 z°
= 2 _——
Then f(z) =z <z 3 + o] >

2

where ¢(2) =1 _%4.__

Obviously ¢(2) is analytic and ¢ (0) # 0.
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ie

~ z = 0 is a zero of order 3 for f(z) = z%sinz.

Example 4:
z3-1

Let f(z) = YL
fz2)=0=>2z3-1=0
=>(z-1DE*+z+1)=0
-1+ivV3 -1-iV3
_—

2

Hence the zeros of f(z) are 1,

and each one is a zero of order 1.

Theorem 1:

Suppose f(z) is analytic in a region D and is not identically zero in D. Then the
set of all zeros of f(z) is isolated.

Proof:

Let a € D be a zero for f(z). We shall prove that there exists a neighborhood
|z — a] < & such that this neighbourhood does not contain any other zero for
f(2). guppose a is a zero of order r for f(2).

thenf(2) =(z—a)"¢(2) ........(D)

where ¢ (z) is analytic at a and ¢ (a) # 0.

Now, since ¢ is analytic at a, ¢ is continuous at a.

We can find a § > 0 such that

lp(a)]
2

We claim that the neighborhood |z — a| < 6 does not contain any other zero of

|z —a| <& =|p(2) —ea)| <

f(2). suppose b # a is another zero for f(z) in this neighbourhood. Then |b —
al| < é§and f(b) = 0.

~ (b—a) ¢(b) =0. (from (1))

Now, since b # a,(b—a)" # 0

~ () =0

Further [b —a| <& = |p(b) — ¢(a)| < lp(a)]

2
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= |p(a)] < @ which is a contradiction.

Thus the neighbourhood |z — a| < § contains no other zero of f(z) and hence
the set of all zeros of f(z) is isolated.
Corollary 1:

Let f(2) be analytic in a region D. Suppose f(z) = 0 on a subset of D which
has a limit point in D. Then f(z) is identically zero in D.
Corollary 2:

Let f(z) and g(z) be two functions which are analytic in a region D. Suppose
f(z) = g(z) on asubset of D which has a limit pointin D. Then f(z) = g(z)
inD.

(consider the function f(z) — g(z) and the result follows from corollary 1)
Exercises.

1. Find all the zeros of the following functions.

(z+1)2%(iz+2)3
(@) cos z (b) ————
2. Prove that there is no analytic functions whose zeros are precisely the
DOINtS 1,22, +vevee = oo
2 3 n
Answers.

1. @ (2n+Dnr/2;neZ ((b)-land -2/i.

4.7. Singularities:

Definition:

A point a is called a singular point or a singularity of a function f(z) if f(z) is
not analytic at a and f is analytic at some point of every disc |z — a| <.

Example 1:
Consider the function f(z) = i
Then f'(2) = —Zizfor all z # 0.

Thus f(2) is analytic except at z = 0.
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~ z = 0 1s asingular point of f(2).

Example 2:

1

Consider the function f(z) = pro

0 and i are singular points for f(z).

Definition:

A point a is called an isolated singularity for f(z) if

(1) f(2) is not analytic at z = a and

(ii) there exists r > 0 such that f(z) isanalyticin0 < |z —a| <.

(i.e) the neighbourhood |z — a| < r contains no singularity of f(z) except a.

Example 1:
f(z) =

Example 2:

z+1
z2(z2%2+1)

has three isolated singularities z = 0, i, —i.

Consider the principal branch of logarithm given by logre® = logr + i6
where -t < 6 < m.

All points on the negative real axis are singular points of this function. These
singularities are not isolated.

Example 3:
Consider the function f(z) = ﬁ The singular points are 0, +m, +2m, ... ... and

these are isolated singular points.

We now proceed to classify the isolated singularities of a function.

Let a be an isolated singularity for a function f(z). Let r > 0 be such that f(z)
Is analytic in 0 < |z — a| < r. In this domain the function f(z) can be

represented as a Laurent series given by

f(2) = nz::l (zf—na)” + rZ a,(z — a)" where

=0
4 - 1 f(§)d¢ ond b = 1 J f(§)d¢
"2mi ) (¢ — a)ntt " 2mi ), ((—a)
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T

The series consisting of the negative powers of z — a in the above Laurent

series expansion of f(z) is given by >>°_; (Zf’;)n and is called the principal part

or singular and of f(z) at z = a.

The singular part of f(z) at z = a determines the character of the singularity.
there are three types of singularities. They are

(i) Removable singularities

(i) Poles

(iii) Essential singularities.

Definition:

Let a be an isolated singularity for f(z). Then a is called a removable
singularity if the principal part of f(z) at z = a has no terms.

Note. If a is a removable singularity for f(z) then the Laurent's series

expansion of f(z) about z = a is given by

o

f@=) ayz—ay

n=0

=g ta(z—a)+ +a,(z—a)* + -

Hence limf(z) = a,
z—a

Hence by defining f (a) = a, the function f(z) becomes analytic at a.

Example 1:
Let f(2) = Si:Z. Clearly 0 is an isolated singular point for f(z).
sinz 1 z3 N z>
Now 27 TS
ow, ZZ Z4
=1- g + E -

Here the principal part of f(z) at z = 0 has no terms.

Hence z = 0 is a removable singularity.
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= 1. Hence the singularity can be removed by defining f(0) = 1

sinz

Also lim

z->0 Z
so that the extended function becomes analytic at z = 0.

Example 2:

Let f(2) =

z = 0 is an isolated singularity.

z—sinz 1 z3  z°
— A EErtE

1 z% z4
_i_a-l_ﬁ_mm

~ z = 0 Is a removable singularity.

z—sinz

z3

Further

By defining f(0) = % the function becomes analytic at z = 0.

Definition:

Let a be an isolated singularity of f(z). The point a is called a pole if the
principal part of f(z) at z = a has a finite number of terms. If the principal part

of f(z) at z = a is given by

z—a (z-a) (z—a)y

where b, # 0, we say that a is a pole of order r for f(2).

Vote. A pole of order 1 is called a simple pole and a pole of order 2 is called a
double pole.

Example 1:

Considerf(z)=e;z.
eZ_1+1+z+ZZ+
z  z 21 3l

Here the principal part of f(z) at z = 0 has a single term ; Hencez=10isa

simple pole of f(2).
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Example 2:
Let f(z) = tanz = % The singularities of f(z) are g + nm, where n € Z. Al
the singularities are poles of order 1.

Example 3. f(z) = =~ has a double pole at z = 0.

cosz 1 z? 7zt
== 1_54_1_......
For,
1 1 z
T zZ 21 4
Example 4:
z2-27+3
Let f(z) = —

thenf(z) =2+ (z—-2) + % (by partial fractions)

Here f(z) has a simple pole at z = 2.

Definition:

Let a be an isolated singularity of f(z). The point a is called an essential
apularity of f(z) at z = a if the principal part of f(z) at z = a has an infinite
number geems.

Example 1:

Let f(2) = e%. Obviously z = 0 is an isolated singularity for f(z). Further

et/ =1+ i +— +—+--. The principal part of f(z) has infinite number of

2122 31z3
terms. Hence eY* has an essential singularity at z=0.
Example 2:
Let f(z) = z%sin(1/z). f(z) has essential singularity at z = 0.
In the following theorem we give equivalent characterisations for an isolated
singular wint a of f(z) to be a removable singularity.

Theorem 1:
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T

Let £ () be a function defined in a region

ioﬁ D of the complex plane except possibly
at a point a € D and let a be an isolated singularity for f(z). Then a is a
removable singularity for f(z) if and only if there exists a complex number a,
such that by defining f(a) = a, the extended function becomes analytic at a.
Proof:

Suppose a is a removable singularity for f(2).

(00)

Then f () = Z a,(z—a)"0< |z—a|<r

n=0
=aqyta;(z—a)+a,(z—a)* + -

By defining f(z2) =ayf becomes analytic at a.
Conversely, suppose there exists a complex number a, such that by defining
f(a) = ay, f becomes analyticin |z —a| <.

Hence f can be represented as a Taylor's series, in power of z—a in this
neighbourhood, given by f(z) = Y. a,(z — a)™. This shows that the principal
part of f(z) at z = a has no terms. Hence a is a removable singularity for f(2).
Theorem 2: (Riemann's theorem)

Let f be a function which is bounded and analytic throughout a domain 0 <
|z — zy] < 8. Then either f is analytic at z, or else z, is a removable singular
point of f.

Proof:

Consider the Laurent's series for the function in the given domain about z,. The

1 1 f f(z)dz

o IS given by b,, = i de Goag

coefficient b,, of where C is the circle

|z — zy| = r where r < 6.
Now, since f is bounded there exists a positive real number M such that
If(2)] <Min0 < |z—2z| <6.

g < L M@
o |bnl < - ——mg
= Mr"
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Since it is true for every r such that O‘ < fr'< §, taking limit » — 0 we get b,

0.

Hence the Laurent's series for f(z) has no principal part. Hence the theorem
follows.

Theorem 3:

Let f(z) be a function having a as an isolated singular point. The the following
are equivalent.

(i) a is a pole of order r for f(2).

(i) f(z) can be written in the form f(z) = (z—la)r

removable singularity at z = a and lim6(z) # 0.

zZ—a

(iii) a is a zero of order r for ﬁ

Proof:

(i) = (ii). Let a be a pole order r for f(z). Then the Laurent's series expansion

b,
n 1 (z—a)n

of f(z) about a is given by f(z) = + Yoo an(z — a)™ where

b, # 0.

- f2)= [by + by_1(z—a) + -+ by(z—a) T+ ag(z—a) + ]

1
(z—-a)

= (Z_%)ré(z) where 6(z) = b, + b,_1(z—a) + -

Clearly lim6(z) = b, # 0 and 6(z) has a removable singularity at z = a.
z—a

(i) = (iii) Let f(2) = (Z_la)r

assume that 6(z) is analytic at a and 6(a) # 0.
1 ( y 1 q 1
o =(Z—Qa an
f(2) 0(2) 0(2)

. 1
Hence a is a zero of order r for %

is analytic at a and —— # 0.

9()

(if) = (i) Let a be a zero of order r for m
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= T

Then % = (z — a)" g(z) where g(z) is analytic at a and g(a) # 0.

~f(z) = %where g1(z) is analytic at a and g, (a) # 0.
Letg,(z2) =ay+a,(z—a)+ -+ a,(z—a)* + .. so that a, # 0.

. f(2) =

Ao n a,
(z—a) (z—a)1

+-t+at+a(z—a)+-
ml0<|z—a|<r
The principal partof f(z) atz = a is

Qo n a, Ar—1
(z—a)" (z—a) 1 zZ—a

and ay # 0.

~ a is a pole of order r for f(z).
Theorem 4:

An isolated singularity a of f(z) is a pole if and only if lim f (z) = oo.
zZ—a

proof. If a is a pole of order r for f(z) then f(z) = %With g(a) = 0.
~ limf(z) = oo.
z—a

Conversely let a be an isolated singularity for f(z) and let lim f(z) = oo.
VARd)

Let0(z) = %
Then ll—r};lz 0(z) =0

Hence a is a removable singularity for 8(z) and by defining 6'(z) = 0,0
becomes analytic at a. Let a be a zero of order r for the function 8(z). Then a
Is a pole of order r for f(2).

Definition:

A function f(z) is said to be a meromorphic function if it is analytic except at a

finite number of points and these finite set of points are poles.

1
z(z—-1)?’

Example 1: Let f(2) =

f(z) is analytic exceptat z = 0 and z = 1. Also 0 and 1 are poles of order 1
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I ——

and 2 respectively. Hence f(z) isam ror

eromorphic function.

Example 2:

ez 1 z = z? . . .
—=_* 1+ St tisa meromorphic function.

Example 3:

el/Z is not a meromorphic function since z = 0 is an essential singularity for
el/?.

The following theorem due to Weierstrass describes the behavior of a function
in the neighbourhood of an essential singularity.

Theorem 5:

Let z, be an essential singularity for a function f(z). Let ¢ be any complex
number. Then given &, > 0 there exists a point z such that |z — z0| < § and
|f(z) —c| <e.

(i.e) The function f(z) comes arbitrarily close to any complex number c in
every neighbourhood of an essential singularity.

Proof:

Suppose the theorem is false. Then there exist §, & > 0 such that for every point

z satisfying 0 < |z — z,| < 6 we have |f(2) — c| = «.
1
f@)-c

Now consider the function g(z) =

1 1
- _ <«
If(z) —c| &

Hence g(z) is bounded and further g(z) is analytic in 0 < |z — z,| < §.

~1g@)| =

Hence by Riemann's theorem z = z, is a removable singularity for g(z).

Now, if g(z,) # 0 then ﬁ = f(z) — c is analytic at z,.

=~ By suitably defining g(z,), the function g(z) becomes analytic at z,.

If g(z,) = 0 then let z, be a zero of order r for g(2).

1

Then z, is a pole of order r for prete f(2) —c.
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Thus f(2) is either analytic at z, or e~|;2) is a pole of f(z) which is a
contradiction to the hypothesis that z, is an essential singularity for f(z).
Hence the theorem.

Solved problems

Problem 1:

Z

Determine and classify the singular points of f(z) =

eZ-1
Solution. The singularities of f(z) are given by the values of z for which e? —
1=0.

Hence z = 2nmi, n € Z, are the singularities of f(z).

z2 VAL
Now,ez—1=<1+z+_+ ...... _|___|_...>_1_
2! n!

Hence 0 is a removable singularity for f(z).

Also, lim,_, 5, (ﬁ) = oo if n # 0 and hence 2nmi,n # 0, are simple poles
of f(2).

Problem 2:

Determine and classify the singularities of f(z) = sin(1/z).

Solution:

Clearly 0 is the only singularity of f(z).

Also f(2) :i_L_FL_......

31z3  5l1z5
Thus the principal part of f(z) at z = 0 has infinitely many terms and hence 0

Is an essential singularity for f(2).

Problem 3:Determine and classify the singular points of R

Solution:
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The singularities of f(z) are given by the values of z for which 2sinz — 1 = 0.
=~ The singularities of f(z) are given by z = g + 2nm,n € Z, and they are

double poles.
Exercises.

1.Find the singularities of the following functions and classify the singularities.
72 . 1/z 7z

(i) zell? (i) 1—+Z (|||) (iv) eT (V) vz

(viy sin (=) (vii) =222 (viii) (z - i)sin (=)

2.Show that the singular points of each of the following functions are poles.

sinz

Determine the order of each pole.

~ Z+1 .
(i) s (i) tanh z (i ) 1)2

. . 2(1+2)
(V) zZ+1 (V ) z?%(z-3)? (V") z4+2z2+1 ( ) 1—cos?2

—2z+3

(i ) (X) (z — l)sm( -:21)

3.Find the order of the pole z = 0 for the following functions.
., e? .., e?

H< (S i

4.Let f and g have a pole of order m and n respectively at a. What can be said

1-sinz

about the order of pole of (i) f + g
() fg
(i) f/g ata
5.Show that if £ has an essential singularity at a so does f2
Answers
2. (i) 0 and 2 are simple poles (ii) O is a simple pole (iii) O is a pole of order
3. (iv) 1 is a double pole (v) i and —i are simple poles (vi) 0,3 are double
poles (vii) i, —i are double poles (viii) 0 is a simple pole. (ix) 2 is a pole
(x ) —2i is an essential singularity.
3. (i)1 (i)2 (i) 5.
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UNIT V

Residues—Cauchy Residue theorem—Residue at infinity—Evaluation of Definite
Integrals.

Chapter 5: Sections 5.1 t0 5.3

5.Calculus of Residues

Introduction

this chapter we introduce the concept of the residue of a function f(z) at an
isolated angular point and prove Cauchy's residue theorem. Using this theorem,

we evaluate certain types of real definite integrals.

5.1. Residues:
Definition:
Let a be an isolated singularity for f(z). Then the residue of f(z) at a is
defined to be the coefficient of ﬁ in the Laurent's series expansion of f(z)
about a and is denoted by Res{f (z); a}.
Thus Res {f (2); a} = ﬁfc f(z)dz = b; where C isacircle |z — a| = r such
that f is analyticin 0.< |z —a| <.
Example:

o7

Consider f(z) = =

72

=~ f(z) has a double pole at z = 0.
~ Res{f(z); 0} = coefficient ofi = 1.
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The following lemmas provide methods for calculation of residues.

Lemma 1:

If z = a is asimple pole for f(z) then Res{f (z); a} = lim(z — a)f (z)
zZ—a

Proof:

Since z = a is a simple pole for f(z) the Laurent's series expansion for f(z)

about z = a is given by f(2) =

Now, (z — a)f(2) = by + ag(z — a) + a,(z — a)* +
lim(z — a)f(2) = b, = Res{f(2); a}

Lemma 2:

If a is a simple pole for f(z) and f(z) = where g(z) is analytic at a and
g(a) # 0then Res(f(2);a) = g(a).

Proof. By Lemma 1, Res (f(z);a) = li_r)r(ll(z —a)f(z) = Li_r)rtllg(z) = g(a).
Lemma 3:

If a is a simple pole for f(z) and if f(z) is of the form X2 ( 2 \where h(z) and

h(@)

k(z) are analytic at a and h(a) # 0 and k(a) = 0 then Res{f (2); a} = @

Proof:

Res {f(2); a} = lim (z — a)f (2)

= I — O

lim A lim E D
_zl—r>r(11 (Z)zl—r>rcll k(Z) '

= limh(z)lim

zma 7 z5a [m

= h(@)|
k(@)
Tk @

] ( since k(a) = 0)

1
k’(a)] 2(2) — k()
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Lemma 4:

Let a be a pole or order m > 1 for f(z) and let f(z) = g( ))m where g(z) is
: gm ‘”(a)
analytic at a and g(a) # 0. Then Res{f (z);a} = Dl

Proof:

g™ D(q) = (m 1) Je g(z)d — (by theorem on higher derivatives) where V' is a

circle |z — a| = r such thatf(z) iIsanalyticin0 < |z—a| <.

9" V(@ _ _

m—1) _ 2 f(z)dz Res{f (z); a}
Solved Problems
Problem 1:
Solution:

+1
Let f(2) = = —— —Z(ZZ_Z).

V4

z = 0 and z = 2 are simple poles for f(z).

z+1
Res{f(z);O}zlzl_r)r(l)(z—O)[ =2
o z+1 1
=1zl—r>r(l)z—2 2
. z+1
Res{f(z); 2} = lzl_rg (z—-2) [m
o z+1 3
=M T2
Aliter. f(z) can be written as f(z) = Where h(z)=z+ 1land k(z) = z% —

2z sothat k'(z) = 2z — 2.
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h(0)
k'(0)
1

~ Res{f(z);0} = ( by Lemma 3)

2
h(2) 3
Res(f (202} = 15y = 5

Problem 2:

. . 1+e?
Find the residue at z = 0 of ———.
ZCOS Z+SsInz

Solution:

Let f(z) =
Clearly 0 is a pole of order 1 for f(2).
h(z)

1+e?
zcos z+sinz’

~ Res{f(z); 0} = lzi_r)r(l) @) where h(z) = 1+ e” and k(z) = zcos z + sin z.

Now k'(z) = —zsinz + cos z + cos z = —zsin z + 2cos z.

~ Res{f(2); 0} = ; =1

Problem 3:

. . 1 ,
Find the residue of Grrany Az = ai.
Solution:

1 1

Let f(2) = oy =

z = ai and z = —ai are poles of order 2 for f(z).

(z+ai)?(z—ai)?’

1
Letg (Z) = m .
2
9@ = an

-2 -2 2
~ R ;ai} = g'(ai) = — — = — = ,
es{f(2); ai} = g’ (ai) (ai + ai)® 8a3i® 8adi

—i

i
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Problem 4:

2
Find the poles of f(z) = % and determine the residues at the poles.
Solution:
z2+4 z2+4
f(2) = T =

z3+42z242z  z(z+1-0)(z+1+i)

~ 0,i —1and —1 — i are simple poles for f(z).
Here f(2) = - )where h(z) = 22 + 4 and k(z) = 23 + 222 + 2z.

Hence k'(z) = 3z% + 4z + 2.
h(0) 4

k'(0) 2
h(i—1)
k'(i—1)
(i—1)?*+4
T3 -1)2+4G—1)+2
3i—1

=— (after simplification )

Similarly,Res{f (2); -1 —i} =

Res{f(z); 0} =

Res{f(z);i — 1} =

(1+31)

Problem 5:
Find the residue of cotz at z = 0.

Solution:

cosz _ h(z)

z = 0 is a simple pole for cotz. Let f(2) = sz~ ko)

h(0) cosO
k’'(0)  cosO

+ Res{f(2); 0} =

Problem 6:

Find the residue of at its poles.

2(2)

Solution:Let f(z) =

2(zz+9)

Here z = 0 is a double pole and z = 3i and z = —3i are simple poles for f(z).
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To find the Res {f (2); 0}, let g(2) =

2249’
Clearly g(z) is analyticat z = 0 and g(0) # 0.
. ; (z2+9) — 2z
Also g'(z)=e (22 1 9)?2

_ _9'(0)
~ Res{f(2);0} = T ( by Lemma 4)

_ 1

9
Now, to find Res {f (2); 3i}; let f(2) = so that h(z) = e? and k(z) =
z%(z% +9).
Then k'(z) = 4z3 + 18z
R 31 = h(31)
~ Res{f(2);3i} = ¥ (3D)
o3i
~ 4(30)3 + 18(31)
o3i
~ Z108i + 54i
e3i

T 54

__i(cos 3 + isin 3)

- 54
Similarly, Res (f(2); =30) = - S22
Problem 7:
Use Laurent's series to find the residue of _2 e atz = 1.
Solution:
Let f(2) = ——

1)2

First we expand f(2) as Laurent's seriesat z = 1.
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eZ(z—l)+2

@ =55
e2p2(z-1)
T z-1)?
e? 2(z—1) 2%(z—-1)?% 23(z-1)3
:m[H T TR T +]
1 2 4
—e [(2_1)2+Z_1+2+§(z—1)+---]

This is Laurent's series expansion for f(z) atz = 1.

Res{f (z); 1} = coefficient of
= 2e?

Note. Without expanding in Laurent's series the residue at z = 1 can be found

in Laurent's expansion
Z —

as follows. Since f(z) has a pole of order 2 at z = 1 we choose g(z) = e?Z.

gl(l) B ZeZZ B 5
T Y = 2e
z=1

- Res{f(2); 1} =

Problem 8:

e? .
— at its pole.

Find the residue of —
(z-1)

ze?

Solution. Let f(z) = e

z = 1 is a pole of order 3 for f(2).
Let g(z) = ze? sothat g'(z) = e?(z+ 1) and g" (2) = e?(z + 2).

Then Res {f (2); 1} = 2 = %,
Problem 9:

Find the residue of Z_:inz at its pole.
Solution:

=
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B 3 1 22
z= 0 is a pole of order 3 for f(z) and f(z) = :

1 z2 '
VA ;_;4..

1

Now let g(z) = ( :

1 z2 '
1)
Then Res {f (2); 0} = = Clearly g(0) = 6.

Now ﬁ = % - ZS—T + Z7—T — ---. Differentiating with respect to z, we have
gz 2z 4z°

[9(2)]? 5! 7!

Hence g'(0) = 0.

Again differentiating with respect to z we have

9@DP[-9"@D] + 9 @D)29(@)g' () _ 2 , 122°
lg(@)]* S5 7

Putting z = 0 and using g(0) = 6 and g’ (0) = 0 we get_";—go) ==
Hence g"'(0) = g

II(O) 3
= Res{f(z); 0} = Z =

Exercises
1. Find the order of each pole and find the residue at the poles for each of

the following functions.

w Z ey ZH+1 eeey 2243 . z?2
(I) z2+1 (") z2-27 (III) z(z2+1) (IV) z2+a?
. . 1 zZ+1
(V) z442z%2+1 (VI) z2eZ (V") z3(z+4) (VIII) z2%(z-2)
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() <52 () Snz ()( )2 (xil)

2Z
(XV) (a real) (XVI) m
z%2-2z7
2. Find the residue of W at all its poles.
3. Find the residue of ——  at the pole z = 0.
nz+zcosz
4.  Calculate the residue of sec2z at z = g
— 2 _ 1 _ 2
(Hmt' Sectz = cos2z  1+cos2z )
2n _q1\n+1
5. Prove that the residue of ——— wheren € Natz = —1 is M.
(1+2)" (n-1)!(n+1)!
6.  Find the residue of z)n atz = i.

7. Prove that (i) Res{tan z, t/2} = —1; (ii) Res {1 ;osz’ 0} = %

8. Show that all the singular points of .
z(e?—-1)

poles and find the radius at the poles.

are poles. Find the order of

5.2. Cauchy's Residue Theorem
Theorem 1: (Cauchy's residue theorem)
Let f(2) be a function which is analytic inside and on a simple closed curve C

except for a finite number of singular points z;, z,, ... ... , Zy, Inside C.

183

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Then [, f(2)dz = 2mi ¥}, Res{f(;ﬁ}
Proof:
Let Cy, C,, -+, C,, be circles with centres z,, z,, -+ -+ , Z, respectively such that
all circles are interior to C and are disjoint with each other. (refer figure).
By Cauchy's theorem for multiply connected regions, we have
j f(z)dz=| f(2)dz+ | f(z)dz+ -+ | f(2)dz
C Cy C, Cn

= 2miRes{f (2); z,} + 2miRes{f (2); z,} + -+ + 2miRes{f (2); z,,}
(by definition of residue)

n

= 2mi Z Res{ f(2); Zj}. Hence the theorem.

=1
Example:
z%dz
Evaluate | mwhere C is the circle |z| = 4.
2
Let =
A= a3

z = 2 and z = —3 are simple poles for f(z) and both of them lie inside |z| = 4.

Now, Res {f (2); 2} = lim(z - 2) [m] _*

Res{f (z); =3} = 11m (z + 3) [m] = —=

» By Residue theorem . f(z)dz = 2mi [E + (— E)]

= —2mi

z%dz B ,
JC Z—D@z+3 ™

Theorem 2: (Argument theorem)
Let f be a function which is analytic inside and on a simple closed curve C except

for a finite number of poles inside C. Also let f(z) have no zeros on C. Then
i_fc L& 47 = N — P where N is the number of zeros of f(z) inside C and P is
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the number of poles of f(z) inside C‘. (A pole or zero of order m is counted m
times).
Solution:

f'(@)

We observe that the singularities of the function —= 3 inside C are the poles and

zeros of f(z) lying inside C.

Let z, be a zero of order n for f(z). Let C; be a circle with centre z, such that it

is the only zero of f(z) inside C;.

Then f(z) = (z — z5)"g(z) where g(z) is analytic and nonzero inside C;.

Hence f'(2) = n(z — z,)" " g(2) + (z — 2))"g' (2).
f @ = t + 9@
f(z) z—-2z, g(2)

Since g(z)is analytic and non zero inside Cl,i ¢ )) is also analytic and hence can

(D)

be expanded as a Taylor's series about z,.

f(z) } . :
~ Res = coefficient of in (1
{f( ok 7=z "V
=n
. . . f'(2) .
Similarly if z, is a pole of order p for f(z), then Res {f—z) 21} = —p.

Hence by Cauchy's residue theorem, fC ;((Z)) dz = N — P where N is the

number of zeros and P is the number of poles of f(z) within C.
Corollary.

f(Z)d

If f(2) is analytic inside and on C and not zero on C, then fc S

where N is the number of zeros lying inside C.
proof. Since the number of poles is zero, we have P = 0.

Hence the result follows.
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Theorem 3. (Rouche's theorem)
If £(2) and g(z) are analytic ¢, side and on a simple closed curve C and if
lg(2)| < |f(2)| on C then f(z) + g(z) and f(z) have the same number of

zeros inside C.

Proof. f(2) + g(2) = f(2) [1 + %] = f(2)p(z) where p(z) =1+ ?EZ

Hence [f(2) + g(2)]' = f'(2) + g'(2) = f' (D@ (2) + f(2)¢' (D).
S D9 @ _ f@e@)+f(2)e' (@) _f'(2) L? '(2)

Cf@)+g9@) f(@)e(2) f(Z) @(2)
1 f'(2)+4g ) f'(2) (Z) 1 (¢ (2
N ZmJ [f(z) + g(2) ]dz 2mi f(z) Zt Znijc @ (2) dz (1)

Now, by hypothesis |g(z)| < |f(z)] and hence |%| <1lonC.

s~ |o(z)—1]—1onC
Hence by maximum modulus theorem, |@(z) — 1| < 1 for every point z inside
C.
~ @(z) # 0 for every point inside C.

¢'(z) N
Hence jc 2(2) dz = Number of zeros of ¢ (z) within C

'@+’ @)] 4 '@
f@r9@ 1Y%~ i e T o Y

~ N; = N, where N; and N, denote respectively the number of zeros of
f(2) + g(2) and f(z) inside C. Hence the theorem.

Hence from (1), we have

Remark. We can deduce the Fundamental theorem of Algebra from Rouche's
theorem.

Theorem 4: (Fundamental theorem of algebra)

A polynomial of degree n with complex coefficients has n zeros in C.

Proof:
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Let ay + a,z + a,z? + - + a,z", where a,, # 0, be a polynomial of degree n.

Let f(z) = ayz™and g(z) = ag + a; + -+ ap_1 2" L.

Clearly lim 9&) _

z—oo f(z

Hence there exists a positive real number r such that |%| < 1 for all z with

|z| > .

Hence by Rouche's theorem f(z) and f(z) + g(z) have the same number of

zeros inside the circle |z| = r + 1. But 0 is a zero of multiplicity n for f(z).

Hence the given polynomial f(z) + g(z) also has n zeros.

Solved Problems
Problem 1. Evaluate | %where Cis|z| = 2.

Solution:

z = —z is the simple pole of f(z) which lies inside the circle |z| = 2.

Res{f(z);—2} = lim - where h(z) = 1and k(z) = 2z + 3,

z—-3/2 k'(2)
3 1
- Res {f(z), _5} =
By residue theorem [. f(2)dz = 2mi (%) = Ti.

yiter.

j dz _j dz
c2z+3 CZ(z+%)

1 dz
2k
X am ( j dz :Zni>

2 cZ—a

= i

where C = {z: |z| = 1}.

Problem 2: Evaluate | 4

z%e?

Solution:
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4

Given integral can be written as [, f(z)dz where f(z) = =,

f(2) has pole of order 2 at z = 0 which lies inside the circle |z]| = 1.
Let g(z) = e™%. Hence g'(z) = —e~~.

» By Lemma 4, Res {f(2); 0} = &2 = —1.

By residue theorem [. f(z)dz = 2mi(—1) = —2mi.
Problem 3:

2+3sinmz

z(z—1)2
3i,—3 + 3i,—3 — 3i.

Evaluate [ c dz where C is the square having vertices 3 + 3i,3 —

Solution:
2+3sinmz
Let f(2) = o

f(2) and both of them lie within C.

. Here z = 0 is a simple pole and z = 1 is a double pole for

_ 2 + 3sinnz
Res(f(2);0) = limz (S -—r) =2

g'(1) 2 + 3sinmnz
Res{f(2);1} = ETH where g(z) = —

z3ncosmz — (2 + 3sinnz)

g'(2) =
~ g (1)=-3m -2
~ Res{f(2);1}= —3m — 2.

~ By residue theorem [ f(2)dz = 2mi(2 — 3w — 2) = —6m°i.

Zz

Problem 4:

Evaluate [. tan zdz where C is |z| = 2.

Solution:

sinz _ h(z)

Let f(z) =tanz =

cosz  k(z)

Cn+Dm
cos z has zeros at z = T,n €
~ f(2) has simple poles at z = —g and z = g inside the circle |z| = 2.
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h(z/2)  sin(m/2)
K'(%/2)  —sin(/2)
h(—m/2) sin(—m/2)
kK'(—m/2) —sin(-m/2)

Res{f (z); m/2} = -1

-1

Res{f (z); —m/2} =

Problem 5:

eZZ

(z+1)3

Prove that [, dz = %i where C is |z| = ;

Solution:
Let f(2) =

f(2) has a pole of order 3at z = —1.

eZZ

(z+1)3

kes{f(z); -1} = @Where g(z) = e?,

!

Now g’ (z) = 2e?? and g (z) = 4e?Z.

. 4e2 2
Resi{f(z); —1} = 62! ==
By residue theorem [. f(2)dz = 2mi (eiz) = 46—7?.
Problem 6:
. . . .. . z+1
Evaluate, using (i) Cauchy's integral formula (ii) residue theorem YT

where C is the circle |z 4+ 1+ i| = 2.
Solution:

Clearly C is a circle with centre a = —(1 + i) and radius 2.

z+1 z+1
22+2z+4  (z+ 1)? + (V3)2
N z+1
ow =
(z+1+iV3)(z+1—iV3)

z+1
[z— (-1 -iV3)][(z - (-1 +iV3)
Zo = —1 + iv/3 and z; = —1 — i+/3 are the singular points of the given

zZ+1
7242744

integrand
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= e

Now |zo —a| = |i(vV3+ 1| =V3+1>2
and |z, —a| = |—i(V3-1|=V3-1<2.
~ z; = —1—iV3 liesinside C.

(i) By using Cauchy integral formula.

Z+1

Consider f(Z) = m

We note that f(z) is analytic at all points inside C.

~ By Cauchy’s integral formula ZLnifC f(z)l dz = f(zy);

Z—Z

. 1 (z+1)dz _ 4
(Ile') 2mi fC [z—(1-iV3)][z—(—1+iV3)] B f( 1 l\/§)

(ie)if (z+1)dz _  —(-1-iV/3)+1
T oniIC 2242244 T (—1-iV3)—(—1+iV3)

_ —iV3
T —2i\V3

. (z+1)dz 1 , ,
S O

(ii) By using residue theorem.

Since z = —1 — iV 3 lies inside C

h(-1-iV3)
k' (—1-iV3)

k(z) =z*+2z+ 4sothatk'(z) = 2z + 2

—1—-iv3+1 —iv3 1

Res{f(z); -1 —iV3} = where h(z) = z + 1 and

~ Res{f(2); —1 — iV3} =

By residue theorem [. f(2)dz = % = Ti.

Problem 7:

2(-1-iV3) +2 —i2v3 2
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Use residue calculus to evaluate fC Zl_gj dz where C is the unit circle.
Solution:

Let f(2) =

Here z = Z—i Is a simple pole and lies within C.

3cos z
2i-3z

Res {f(z) } z—>21/3 o ( ) — 3z so that
k'(z) = -3.
3cos(2i/3) ,
~ Res{f(2); 2i/3} = ——3 - —cos(2i/3) = —cosh(2/3)

By residue theorem [. f(z)dz = 2mi[—cosh(2/3)].

(ie) [, zcozz = —2micosh(2/3).

Problem 8:
3z%2+z-1

D= dz around the circle

Use residue theorem to evaluate |

Solution:

3z24z-1

Letf(Z)5='aE:Ii;:§}

f(2) has simple poles 1,—1,3 and only 1, —1 lie inside |z| = 2.

Res {f(2);1} = ,?,((11)) where h(z) = 322+ z—1land k(z) = z° — 322 —z + 3

sothat k'(z) = 3z2 — 6z — 1.

3+41-1 -3

~ Res{f(2);1} = =—,

4

Similarly, Res {f(z); -1} = 2= =1

3+6—-1 8

= By residue theorem,

f (22 Z_ I)zz__13) 7 = 2mi (—% n é) — o (—85) _ —im'

Problem 9:
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Evaluate f where C is the C|rcle lz—1| = 1.

2)(2 1)
Solution:

f(2) =

f(2) has simple poles at 1, —2; the pole 1 is inside the circle |z — 1] = 1 and

(z+ 2) (z—1)

z = —2 lies outside the circle.

z e

(z+2)(z - 1)) ~3

Res{f (2); 1} = lzi_r)r%(z - 1) (

By residue theorem [ f(z)dz = 2mi (g)

. f e? __ i2me
(z+2)(z—1) Z=—3
Problem 10:

Show that the function 2 + z? — e has precisely one zero in the open upper
half plane.

Solution:

Take f(z) = 2 + z? and g(z) = —e*?. Let C be the simple closed curve
consisting of the semi circle |z| = r in the upper half plane together with the
interval* [—r, r] on the real axis.

If z € [—r,r]then |g(2)| =1and |f(z2)]| = 2.

Hence | (2)] > |9(2)|.

Now, ifz=1e%,80 <0 <mthen |f(2)| = |2+ 22| = |z%| -2 =1% =2

—rsin @

Also |g(2)| = |—e"*”| = e
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Hence for sufficiently large value of r Wé"have lf(2)| > |g(2)|.

Hence by Rouche's theorem f(z) + g(2) = 2 + z% —e? and f(z) = 2 + z2
have the same number of zeros in the upper half plane. Also 2 + z2 has exactly
one zero in the upper half of the plane namely iv/?2.

Hence 2 + z2 — e has exactly one root in the upper half plane.

Problem 11:

Let f(2) =

Solution:

(Z+)

TPr2ot ~. Evaluate —f e L&) 3, where C is the circle |z| = 4.

f(2)

i and —i are zeros of order 1 and —1 + i and —1 — i are poles of order 2 for
f(2). Also, these zeros and poles lie inside C.
Hence number of zeros of f(z) = N = 2 and number of poles of f(z) = P = 4.

(Poles are counted occording to their multiplicity)

= By Argument theorem —fC ’;((Z))d =N—-P=2—-4=-2

Exercises:

1.Evaluate the following integrals.

0 Jz 2

dz where C is the circle |z| = 2.

(ii) J, mdz where C is the circle |z| =

(iii) J, ZZZ_*f dz where (a) C is the circle |z| = 2 (b) C is the circle
lz—1] =1

. 3dz . .

(iv) J, — Where C is the circle |z| = 2

(v) fC ﬁdz where C is the circle |z| = 1.

(vi) f dz where C is the circle |z| = 3.
(vii) [ ﬂdz where C is (a) |z — 2| = 2 (b) |z| = 4
C (z—1)(z%2+4) '
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(viii) fc ey where C is the circle |z| = 3.

(ix) [, ez—;zdz where C is the circle |z| = 1.

dz .
) J. TS dz where Cis (a) |z| = 2 (b) |z + 2| = 3.

2.Prove that [, cothzdz = 0 where C is the circle |z| = 1.
3. Prove that [ cothzdz = 0 where C is the circle |z| = 1.

4. Prove that [ ze'/*dz = mi where C is the circle |z| = 5.

eZdz

coshz

5. Prove that fC = 8mi where C is the circle |z| = 5.

Answers.

1. () 6mi (i) —2mi (i) (@) 2mi  (b) 3mi (iv) —2mi
(v) 6mi  (vi)2mi  (vii) (@) i (b) 6mi  (viii) 4mi
(ix) —2mi (x) (2) = (b) 0

5.3. Evaluation of Definite Integrals:

We use Cauchy's residue theorem for evaluating certain types of real definite

integrals.
TYPE 1. fozn f(cos 8,sin 8)d6 where f(cos 8, sin 8) is a rational function of

cos @ and sin 6.
To evaluate this type of integral we substitute z = e%?. As @ varies from 0 to

2m, z describes the unit circle |z] = 1

elfye-0  Z4z71
Also, cos 8 = > == and

. el _ -0, _ -1
sin@ = - = -
20 210

Substituting these values in the given integrand the integral is transformed into

. 0(z)dz where 6(2) = f (

z4+z71 z—z71
2 21

) and C is the positively oriented unit

)
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circle |z| = 1. The integral fC 0(z)dz can be evaluated using the residue

theorem.

Solved problems

Problem 1:
2T de
Evaluate |, Y
. 27T de
Solution. Let I = | —
Putz = e,

z—z"1

Then dz = izd8 and sin 8 =

L

The given integral is transformed to I = | ——1~7 Where C is the unit
iZ[5+4<2—i>]
. dz
circle IZI =1.= fC m
1 1
Let f(z) = 272+45iz—2  2(z+20)(z+i/2)
~ —2iand —i/2 are simple poles of f(z) and the pole —i/2 lies inside C.
1 1

Also Res{f (z); —i/2} = lim =

z—i/2 2(z+2i) 30

Hence by Cauchy's residue theorem [ = 2mi (%) = —,

. 21 ao _2m .
Problem 2: Prove that |, ———— =7, (-1<a<1)
Solution:

. _ -1
Put z = e!®. Thensin@ = = ZZi and dz = izd®.
2 de dz . o
f —_— = J where C is the unit circle
o l+asinf J,

iz [1 +a (%)]
2dz
- L z[2i + a(z — z71)]

_j 2dz
~ Jeaz?+2iz—a
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Let f(z) = mThe poles of f(z) are given by z =

—it+ivl—a®
= m (since —1<a<1)
_1+iVi—a? —imiNI—aZ
Let Zl — 1+ivl—a and ZZ — i lal a
1+V1-a?

We note that |z,| =

>1(since—1<a<1)

|lal

Also, since |z,z,| = 1 it follows the |z;| < 1. Hence there are no singular

points on C and z = z, is the only simple pole insisde C

. 2/a
ReS{f(Z), Zl} - Zh—>r£11 (Z - Zl) (Z _ Zl)(Z _ Zz)
_ 2/a
12
B 1
iVl — a?
. 21 ao , 1 __2m
By residue theorem |, —— =2mi [lm] ==
. _(rm adf @
Problem 3: Prove that | = ' ————=—==(a > 0)
... (T adf
Solution: I = [ —a2+(1_C3526)
B Jﬂ 2ad6
~J, 2a®+1—cos26
)y 2a*+1-cosg
1 adz )
= —.J Z+z D ( putting 26 = @)

' Cz[2a2+1— 5

_Zaf dz
i ) [22a? + 1)z — z2 — 1]

_ f dz
M) 2222 F Dz + 1

= 2aifcf(z)dz(1)

_ —2itV-4+4a?

2a
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and C is the unit circle |z| = 1.

1
z2-2(2a%+1)z+1

Poles of f(z) are the roots of z2 — 2(2a® + 1)z + 1 = 0.

v z=02a%+1)+2aa?+1
Letz; = (2a® +1) + 2aVa? + 1;z, = (2a®> + 1) — 2ava? + 1

Clearly |z;] > 1 and |z;z,| = 1 so that |z,| < 1.

where f(z) =

Hence the only pole inside C is z = z,.
1

(z-2)(z—2z)

(f(2);z) = Zlirgz (z — 2,)

1
Res =
Zy — 724
1
(—4a)Va? +1
. 2ai
From (1), I = 2mi [—m
_ T
a’+1
Problem 4:
Using Contour integration evaluate fozn ﬁ.
Solution:
21 ae
Letl = fO 13+5sin8’

Put z = e®. Then dz = ie?dO = izd®.

z—z"1

Also sinf = sl The given integral is transformed to

/= dz (where C is the
)T z—z 1] circle |z| = 1)
Ciz|(13+5

_f dz
- [ 2
C iz 13+5(Z. 1)]

_J‘ 2dz
~ J. 52% + 26iz -5
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—% and —5i are simple poles of f(z) and the pole —é lies inside the unit circle.

_ . h(z (whereh(z)=2and
Res {f 2); _E} ~ 5Nys k' (2) k(z) = 522 + 126z — 5)

2
- 1. <—)
05 \102 + i26
2

—2i + 261
1

T 120

Hence by Cauchy's residue theorem I = 2mi (lizl) = %.

Problem 5:

do
24cos@’

Use Contour integration technique to find the value of fozn

Solution:Let I = [" 2+igse.

Put z = e'®. Then dz = ie'?dO = izd®.

z+z7 1

Also cos @ =

« The given integral is transformed to I = | ﬁwhere C is the unit
iz|2+
2

circle |z| = 1.

""ZLiZ[2+Z§2+1)]

2z

_j 2dz
B ci(4z+2z2+1)

_f —2idz
CJoz2+4z 41

—2i
f(z)_zz+4z+1

_ —2i
Let =327 -3

—2i
T @Z+2-Hz+2+3)
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» —2 ++/3 and —2 — /3 are simple poles of £(2); the pole —2 + /3 lies inside

C.
R 24+3}= i ( 2t )
estf (2); )= rom2iy3\27 + 4
B —2i
4+ 2V3+4
—
R
1 H . —i 2T
Hence by Cauchy's residue theorem I = 2mi (ﬁ) =75
Exercises
ae T
1.Show that fo e = o
2.Show that [, ;iii:z =
ae 21
3.Show thatf rc0s = 5
4.Show that [ 2 —goiciz‘;z %”
21 ae 21
5.Show that fO cos0+2sinf+4 11

6. Show that f

T
a+cos 6 Vaz—l(a > 1)'

7. Show that [ —=— = -—=2_(a >b>0).
8. Show thatf 1+a:in0 z — (@ <),
9. Show that [ —22 (a>1).

0 (a+cosB)? ( 2— 1)3/2

T 1+2cos@

10. Show that f* ————d6 = 0.

ao
a?-2acos 9+1

11. Show that fOZ (0 <a<1l).
TYPE 2.

f f(x)dx where f(x) = g( ) and g(x), h(x) are polynomials in x and the

degree of h(x) exceeds that of g(x) by at least two.
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To evaluate this type of integral we take f(z) = %.

The poles of f(z) are determined by the zeros of the equation h(z) = 0.

Case (i) No pole of f(z) lies on the real axis.

We choose the curve C consisting of the interval [—r, ] on the real axis and the
semi circle |z| = r lying in the upper half of the plane.

Here r is chosen sufficiently large so that all the poles lying in the upper half of

the plane are in the interior of C. Then we have
T
j f(2)dz = j fxdx+ | f(z)dz
C -r Cy

where C; is the semi circle.

Since degh(x) — degg(x) = 2 it follows that fcl f(2)dz - 0asr — o and

hence [, f(2)dz = [_, f(x)dx.
ffooo f (x)dx can be evaluated by evaluating f. f(z)dz which in turn can be

evaluated by using Cauchy's residue theorem.

Case (i) f(z) has poles lying on the real axis.

Suppose a is a pole lying on the real axis. In this case we indent the real axis by
a semi-circle C, of radius & with centre a lying in the upper half plane where ¢

is chosen to be sufficiently small (refer figure).

C

G,

-7 a (0] r
Such an indenting must be done for every pole of f(z) lying on the real axis.
It can be proved that sz f(z2)dz = —miRes{f (2); a}. By taking limitas r — oo
and € — 0 we obtain the value of ffooo f(x)dx.
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Solved Problems

Problem 1:
Use Contour integration method to evaluate f0°° 1?24
Solution:
1
Let f(Z) - 14274

poles of f(z) are given by the roots of the equation z* + 1 = 0, which are the
four with roots of -1 .

De Moivre's theorem they are given by e'™/4; gi37/4; oi5T/4, ol7T/4 gn( all are
simple des.

de choose the contour C consisting of the interval [—r, ] on the real axis and

the upper emi-circle |z| = r which we denote by C;.
r
J f(2)dz = J fdx+ | f(2)dz.....(1)
Cc -r G,

The poles of f(z) lying inside the contour C are obviously e™™/* and e!37/4

only. We find the residues of f(z) at these points.

. in/4
Res{f (2); e™/*} = :'((Zm/}) where h(z) = 1 and k(z) = z* + 1 so that k' (z) =

473,
. 1 e—i31r/4
Res{f(Z); em/4} T 4e3n/4 g
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—i9m/4

Similarly, Res{f (z); e"3™/*} = eT

By residue theorem

f f(z)dz = 2mi( sum of the residues at the poles )
c

e—i3n/4 e—i9n/4
= 2mi +
m[ AN ]

= % [(cos(3m/4) — isin(3m/4)) + (cos(9m/4) — isin(9m/4))]
i 1 [ 1 [

=7[(‘ﬁ‘ﬁ)+(ﬁ‘ﬁ)]

_ECES_E_

-2\F) 7

From (1) f_rr

T

dx
ot T e, f(@)dz =3

As 1 — oo, fcl f(2)dz - 0.

.jm dx _m
N _001+x4_\/§

.z]m dx —’T(- — functi
- ) 1+x4_\/§ g 1s an even function).

.j“’ dx T
N 0 1+x4_2\/§
Problem 2:

(0] xZ

Using the method of contour integration evaluate f_oo rDD

Solution:

Let f(2) = ;

z241)(z2+4)

72

The poles of f(z) are i, —i, 2i, —2i.

Choose the contour C as shown in the figure.
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poles i and 2i lie within C. By residue theorem

f f(z)dz = 2mi( sum of the residues of f(2)) ....... (1)
c

find the residues of f(2).

(f(2); i} = :((?) where h(z) = z% and k(z) = (2% + 1) (22 + 4) = z* + 522 +

4 that k'(z) = 4z3 + 10z.
—1 -1 i

“ResU (@i = =01 =51 T 6
Res{f (2); 2i} = —é (verify)

~ From (1) J f(2)dz = 2mi (L_L)
c

6 3
-2t ()
= Tl 6
— E 2)
=g e (
~ Also (1) can be written, using (2), as
r x? s
. f(z)dz + N Yy dx = g e (3)

Further the integral [. f(z)dz —» 0 asr — oo.
1

.f‘” x2 p m
L v D+ 4T3

Problem 3:

1) x2 T
Evaluate J___ et X T oy
Solution:
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Proceed as in previous problem.
Problem 4:

o x2—x+2
Evaluate f_oo m

Solution:
z%—z+2
Let f(2) = o
Pcles of f(z) are the zeros of z* + 10z%2 + 9 = 0.
z¥ +10z22+9=(2%>+9)(z> + 1)

~ z = %3i; +i. Hence z = 3i,—3i,i — i are the simple poles of f(z).

Choose the contour C as shown in the figure.

j f(z)dz =J fdx+ | f(z)dz ...... (1)
c -r C

The poles of f(z) lying within C are i and 3i and both of them are simple poles.

Res{f(2); i} = :((?) where h(z) = 2% — z + 2 and

k(z) = z* + 10z% + 9 so that k' (z) = 423 + 20z
—1—-i+2 _ 1-—1i
—4i +20i 160

(verify).

- Res{f (2); 1} =

7+3i
48i

Similarly, Res {f (2); 3i} =
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j dz = 2mi( sum of the residues at the poles )
c

y1—=i 7+4+3i
=2m< + )

16i 48i
_ (10) 5w
mi\281) = 12

—x+2 z2—742 5T
(1) f ————dx+ [ ———dz=—.
Tx4+10x +9 C1 z*+10z2%2+9 12

a®l — oo the integral over C; — 0.

J°° xZ—x+2 p 51
. X = —
Xt +10x%24+9 12
Problem 5:
o0 dx

Evaluate I = [ el
Solution:
Since ——— is an even function, we have

(x2+a?)?

j‘x’ dx B ZJOO dx
o (X2 +a?)? o (x?+a?)?

f(z) = (ZZ-I-;aZ)Z

poles of f(z) are the roots of (z% + a?)? = 0.

Now, (z2 + a?)? = (z + ai)?(z — ai)?.

al and - ai are double poles of f(2).

hoose the contour C consisting of the interval [—r, r] on the real axis and the

semi icle C; with centre 0 and radius r that lies in the upper half plane.

J fdx+ | f(2)dz = f f(2dz........(1)
-r C; Cc

The poles of f(z) lying within C is z = ai.

Res{f (2); ai} = 11 g'(ai) where g(z) =

low g'(z) = —2(z + ai) 3.

1
(z+ai)?’
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g (al) - 4_a3
~ Res(f(2); a;) = 4a3
fc f(z)dz = 2mi (4 13 ) = %.

ol + . f(@dz =

T (x2 +a2)2

When r — oo the integral over C; — 0.

. J'OO dx
Vo (x2+4a2)2 T 243

. f°° _ax _ ™
"Jo (x2+a2)2 T 443
Problem 6:

co dx T
Prove that [~ ——==.
Solution:

o dx
2 —_

f‘ x6 +1 fo x®+1
Now, let f(z) = 6+1

The poles of f(z) are given by the roots of the equation z° + 1 = 0, which are
the sixth roots of -1 .

By De Moivre's theorem they are given by e'/®, ¢i37/6 oi5/6 oi7m/6 gpng
e!117/6 and they are simple poles.

Now choose the contour C consisting of the interval [—r, r] on the real axis and
the upper semi circle |z| = r, which we denote by C;.

The poles of f(z) lying inside C are e‘™®, e!3™/6 and ei57/6,

in/6) _ h(e'™®) where h(z) = 1 and k(z) = 26 + 1
ReS{f(Z); e } - m so that k,(Z) — 6Z5

— 1 _l —i51/6
T 6elST/6 66

206

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



e

Similarly,Res{f (z); e"¥"/¢} = %6—15n/2 and
. ,i5m/6) — 1 ,—i25m/6
Res{f (z); e™™/®} —e .

By residue theorem

f f(z)dz = 2mi (sum of the residues at the 3 poles)
c

— o [1 5in/6 | le—Sin/Z + le—ZSin/6]

6 6
_Zni[( 57 57T>+( St Sn)
= [\cos 5 —isin— cos—- — isin—
N 257 25w
(cos g~ isin— )]

_miff V3 i L (V3
-5|(-7-3)ro-0+(7-3)

om0 2m
=z i-D=73

r dx

= From (1), 2, =

+ 1, f@dz ==

As r — oo the integral over C; — 0.
. foo dx 2_7r
T x6t1 T 3

_foo dx _ m

0 x6+1 3

Problem 7:
foe) 4
Prove that [ == = ”T‘E
Solution:
Z4-
Let f(2) = 7

The poles of f(z) are given by the sixth roots of unity, namely e?™%/6; n =

01,..,5.

~ f(2) has 2 simple poles on the real axis, viz., 1 and -1 and the two poles e™/3

and e2™'/3 lie on the upper half of the plane.
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C,
N

-F -

~1-€;
j f(z)dz = f(z)dz+J f(x)dx+ | f(z)dz
c -r G,

C1

1-€, r
+J fdx+ | f(z)dz + f()dx ......(1)

—1+€4 C3 1+€,

Now, sz f(2)dz = —miRes{f (2); —1}

= —7i (h(_l) ) where h(z) = z*

k'(=1)
= —mi(—1/6)
i
=g e - (2)
f(z)dz = —miRes{f (2); 1}
C3
(h(1)
Similarly - T (k’(l))
= —mi(1/6)
i
= T (3)
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J f(z)dz = 2mi[Res{f (2); e™/3} + Res{f (z); e*™/3}]
c

i i/3 i8m/3
o h(e ) e ]

6ei5n/3 + 6ei10n/3
" pidm/3 oi87/3 ]

= 2mi

6ei5n/3 + 6ei10n/3

Also _ E (e—in/S + e—iZn/3)
3
— %i(e—inﬁ _ ein/3)

Tl
=3 (—2isinm/3)

j‘x’ x* i w3
—o0

Exercises

1.Prove the following by using Cauchy's residue theorem.

(i) 7 =T (i) Jy’ (xfj‘l)z =3

(i) [, = W) )y g =
W emen=t O e

(vii) fo (xf:;)B - 16T[a3 (viii) fOOO Oczjlz)% - %

. x“dx T co dx
(IX) fO (x2+4)(x249) 200 ( ) f x4+1 ﬁ
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dx

2.Show that [~ © e e
TYPE 3.
[ 99 o5 axdx or [* 99 sin axdx where g(x) and h(x) are real

© h(x) © h(x)
polynomials such that degree of h(x) exceeds that of g(x) by at least one and
a>0.

Case (i) h(x) has no zeros on the real axis.

In this case take f(z) = % e

= f(z) has no poles on the real axis.

Choose the contour as in Type 2 and proceeding as in Type 2 we get the value

of [ 90 g tux gy

© h(x)
Taking the real and imaginary parts of %ei‘”‘dx we obtain the values of
I ‘fglg icos axdx and [° ‘ZE ;sm axdx

Case (ii) h(x) has zeros of order one on the real axis.

Take f(2) = % e'® \We notice that f(z) has real poles. Suppose a is a real

zero of h(x) on the real axis. In this case we indent the real axis as Case (ii) of
Type 2 and evaluate the integral.

To prove that the integral over the upper semicircle tends to zero as r — oo, we
use the following lemma.

for 4 Lemma. Let f(z) be a function of the complex variable z satisfying the
nuidg conditions.

(i) f(2) is analytic in upper half plane except at a finite number of poles.

(i) f(2) = 0 uniformly as |z| = co with 0 < argz < m.

(i) a is a positive integer.

Then lim [ f(z)e'*dz = 0 where C is the semi circle with centre at the
T—00
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origin and radius r.

Problem 1:
Prove that [” —>dx = —~.
Solution:
eizy
Let f(2) = L

The poles of f(z) are given by i and —i.

Choose the contour C as shown in the figure.

$0,1).

The pole of f(z) that lies within C is i. Hence by residue theorem
j f(2)dz = 2miRes{f (2); i}
c

i .
) where h(z) = e and k(z) = 1 + z?

= 2mi -
k' (i)
2mie™
20 e
r eiax iaz T
dx + dz = —-.
f—r x241 fC1 zZ+1 c

When r — oo the integral over C; tends to zero.

o eiax T

* f—oo x2+1 -
. 0 COSX A
Equating real parts we get dx = —.
quating real p get f_ T -
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T e AT

e

CoS x

© cosx T, . _ _
2 > dx = —( since 5 is an even function )
o 1+x e 1+x
f°° COS X T
X =—
o 1+x? 2e
Problem 2:

Using the method of contour integration evaluate

joo e dx(a>b>0
oo (X% + a?)(x? + b?) x(a )

Solution:

eiz

Let f(2) = Caranzrney

The poles of f(z) are ia, —ia, ib, —ib.

Choose the contour C as shown in the figure.

. O A r
The poles of f(z) which lie within C are ia and ib.

Hence by residue theorem
j f(2)dz = 2mi( sum of the residues of £(2)) ... ... ... (1)
C

We find the residues of f(z).
Res(f(2); a;) =
b= (z% + a®)(z* + b?) = z* + (a? + b?)z% + a®b? so that
(b) = 4z3 + 2(a? + b?)z.

h(ai)
k' (ai)

where h(z) = e and
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~ Res[f(2); ai] = 4(ia)® + 2(a? + b?)(ia)

—-a

e
"~ i2a[(a? + b?) — 2a?]
B —ie™ ¢
"~ 2a(b? — a?)
B —ie™ @
~ 2a(a? — b?)
. . Y le”
similarly, Res{f (z); bi} = Bi—ad)
B —ieP
~ 2b(a? — b2)

i -a —b\ ]
From (1) | f(z)dz = 2mi : ¢ ¢
c 2(a? —=b%)\ a b /]

- e”@ b B T el @ )
a2 —-b2\ a b ) a?2—b2\ b a (2)

Also (1) can be written using (2) as

r eix T e—b e~ @
le(z)dz+J_r(x2 + a?)(x? +b2)dx "~ a? —b2< b a >

Further the integral over C; tendsto 0 as r — oo.

=~ (3) becomes

foo elx g — T e—b e—a
oo (X% + a?)(x?% + b?) x T a?2—b2\ b a

Equating real parts on both sides we get

f‘x’ Cos x e — T e b @
oo (X% + a?)(x? + b?) x T a?2—b2\ b a

Problem 3:

Prove that [ O°° C(Zszi’;lf

= %(a + 1)e™* where a > 0.

Solution:
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elaZ

Let f(2) = s

The poles of f(z) are given by i and —i which are double poles. Now choose

the conto as in Problem 1. The pole of f(z) that lies within C is i.
Now, Res{f (2); i} = = g' (i) where g (z) = (z — )f () = (Zeﬂ)
(z + i)?iae'™ — e!%22(z + 1)
(z +0)*
. —4iae™*—e"%4i) —ie % (a+1)
~ Res{f(z);i} = 16 = 2

Hence by Cauchy's residue theorem

~g'(2) =

fcf(Z)dz = 2mi (ie_a(z + 1)> _7(a +21)e—a

jr fdx+ | f(z2)dz= ma +21)e_a
-r C1

As r — oo, the integral over C; tends to zero.

°° n(a+ e ™ @
—o 2
. © cosax _ n(a+e™™
Equating real parts J___ Y dx = ——.
“ cosax n(a+1)e™ @
S Row el
o (x2+1) 4
Problem 4:
o sinxdx 1rsin 2
Prove that [ ————=——-.
Solution:
eiz
Let f(z) = z2+42z+5
he poles of f(z) are the roots of the equath z? + 4z + 5 = 0. They are given by
—4++/16 — 20 _
zZ = > =-2+1
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SR s st
Py

low, choose the contour € as shown in the figure.

0 r
—2 + i is the only pole of f(z) that lies within C and it is a simple pole.

Hence by Cauchy' residue theorem,

f f(z)dz = 2niRes{f (2); =2 + i}
’ h(=2+1)
k'(=2+1)

jr fx)dx+ | f(z)dz=
-r C1

where h(z) = e%

n.e—ZL

Since the integral over C; tends to zero as r — oo, we have

-2

*° e T
J fx)dx = =7 (cos2 —isin 2)
Equating imaginary parts, we get
[ ©  Sinxdx _ msin2
—®x2 4 4x+5 e
Problem 5:
Evaluate [~ %dx.
Solution:
Let f(2) = ——

The poles of f(z) are given by ia and —ia which are simple poles. Choose the

conto C as in Problem 1.
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Only the pole z = ia lies inside C.

Res{f (z);ia} = :,((ii?) where h(z) = ze and k(z) = z? + a? so that k'(2) =

2Z.

~ Res{f (z);ia} =

Hence by Cauchy's residue theorem

l-aei(ia) _ e~ @

2(ia) 2

e—a

jcf(z)dz = 27Ti( 5 ) = mie™ ¢

JT f()dx+ | f(z)dz = mie™®

C;

When r — oo, fcl f(2)dz = 0.
Jw f(x)dx = mie™®

*°  xel 4
> 5 dx = mie
o Xc+a

a

, ® x(cosx + isin x)dx
(i.e.) j

= mie~
x? + a?
, ® x(cosx + isin x)dx o
(i.e.) > > = mie ¢
o x“+a

Equating imaginary parts on both sides we get

® xsinx a
5 s> dx = me
X4+ a

Hence the above integrand is an even function we have

© xsinx a
2 ————dx =Tme
0

x2 + a2
f‘x’ xsin x g e~ %
X X =
o X%+ a? 2

sinx

Problem 6: Prove that fO°° dx = g

X

Solution:
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Let f(2) = £,

The only singular point of f(z) is 0 which is a simple pole and it lies on the real

axis. Now choose the contour C as shown in the figure.

Then [, f(2)dz = [ f(x)dx + I, f(2)dz
+ JT fdx+ | f(2)dz... .. .. (1)
€ Cq
Since f(2) is analytic within C, f,. f(2)dz =10 ...... (2)

Also f(z)dz = —miRes(f(2):0)
C

= —ﬂieo

Further the integral over C; tendsto 0 as r — oo.

Hence using (2) and (3) in (1) and taking limit as r — oo we get
0=["_ f(x)ydx—mi+ [~ f(x)dx.

ffooo f(x)dx = mi.

Equating the imaginary parts we get ffooo

sinx
dx = m.

X

o sinx T, . sinx . .
fo ~ dx = 2 (since ——isaneven function).

Exercises

1.Establish the following with the help of residues.

. co sinxdx msin 2
(I) f—oo x2+4x+5 h e

.. co sinxdx msin1
(“) f—oo x2-2x+5  2e2
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(iii) f,” (C"j“:j)’; =1+ ab)e-ab(a > 0,b > 0).

o xsinxdx _ me™“

v) Jy, oz =—(@>0)
cos xdx T (eTh e@

V) Jarva)@2+p?)  a?-p? (T B _) (a>b>0)

0 8 _ -a
(Vll(acosx+xsinx)dx = 2me™".

.. xsin ax me~%sina
(vii) e = —
Wind the following with the help of residues.
(I)fooo sinmxdx _ _( m> 0) (”)f cosmx dx = O(m > 0)
(i) f S ¥ g :g (iv) f_oooo Czs_n;x dx = —msin(ma).
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